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Although differential item functioning (DIF) theory traditionally focuses on the
behavior of individual items in two (or a few) specific groups, in educational
measurement contexts, it is often plausible to regard the set of items as a random
sample from a broader category. This article presents logistic mixed models that
can be used to model uniform DIF, treating the item effects and their interaction
with groups (DIF) as random. In a similar way, the group effects can be modeled
as random instead of fixed, if the groups can be considered a random sample from
a population of groups. The models can, furthermore, be adapted easily for model-
ing DIF over individual persons rather than over groups, or for modeling the dif-
ferential functioning of groups of items instead of individual items. It is shown that
the logistic mixed model approach is not only a comprehensive and economical way
to detect these different kinds of DIF, it also encourages us to explore possible
explanations of DIF by including group or item covariates in the model.

Keywords: differential item functioning, item bias, item response theory, logistic mixed
models, random effects

Differential item functioning (DIF) (e.g., Holland & Wainer, 1993) refers to the
phenomenon that, conditionally on the latent ability, the probability of successfully
answering a specific item may differ from group to group. The last two decades,
differential item functioning has received an increasing attention in educational
measurement because DIF may reflect measurement bias (Millsap & Everson,
1993). Items may be biased because they contain sources of difficulty beyond the
one(s) of interest, possibly resulting in a discrimination against particular groups
(Zumbo, 1999). It is, for example, possible that the results of an intelligence test
are systematically lower for a specific minority group, not because the group is less
intelligent, but because some items are related to specific knowledge and abilities
that are shown more by the majority, while they are not intended to be measured
by the test.

Item response theory (IRT) models have been shown to be an interesting tool
to understand and model DIF (e.g., Lord, 1980; Thissen, Steinberg, & Wainer,
1993), although the most popular techniques to detect DIF are not IRT based (see
Millsap & Everson, 1993, for an overview of these techniques). In IRT models, the
probability of a correct response is related to person and item covariates. These
covariates often are person and item indicators (dummy covariates), weighted
with parameters that are called ability and difficulty, respectively. The popular
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two-parameter logistic (2-PL) model, for example, reads as (Hambleton, Swami-
nathan, & Rogers, 1991):

Logit(m;)=a0, —b, and ¥, ~Bemoulli(r,), )
with

Y; = the correctness of the response of person j on item i, and
7; = Prob(Y; = 1/6)) the probability that person j (with ability 8,) answers item i
(with difficulty b,) correctly.

If a specific item shows DIF, the S-shaped curve corresponding to the equation
(the item characteristic curve, ICC) varies over groups. Not only the location
(modeled by the difficulty parameter b,),also the slope (modeled by the discrimi-
nation parameter a;) of the curve may vary over groups. In case of a location shift,
the probability of a correct answer is always higher for one group than for the
other group, while in case of a varying slope, the ICCs may cross, meaning that
given a low ability, the probability of a correct answer is higher for a certain
group, but given a high ability, it is higher for the other group. Therefore, the for-
mer kind of DIF is often called uniform DIF, the latter nonuniform DIF (Mellen-
bergh, 1982).

In the following, we discuss the use of logistic mixed models to investigate DIF.
We show that the logistic mixed model framework could be regarded as a unify-
ing framework, yielding similar results as traditional DIF methods in situations for
which these methods are developed. At the same time, however, the approach sug-
gests extensions of the traditional methods. We show not only that the models we
present are very natural tools to detect DIF in a variety of situations, but also that
the flexibility of the models has great potential for explaining DIF. We start with
discussing logistic mixed DIF models with fixed item and group effects. Next, we
discuss DIF models with random item effects and models with random group
effects. For simplicity, we focus on uniform DIF, although the extension to mod-
els for nonuniform DIF is straightforward. We end with presenting a taxonomy of
DIF and a discussion.

A Logistic Mixed Model for DIF

It has been demonstrated before that IRT models can typically be regarded as
logistic mixed models (Adams, Wilson, & Wu, 1997; Kamata, 2001; Mellenbergh,
1994). For example, in the basic IRT model, the Rasch model (Rasch, 1960), the
probability of a correct response of person j to an item i is regarded as a function of
the person ability (0;) and the item difficulty (b;). Persons are commonly regarded as
arandom sample from a population in which the abilities are independently normally
distributed:

Logit(m,)=0,-b, with 8, ~N(0,1%). @
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The parameters of the model can be estimated using a maximum likelihood pro-
cedure, often called the marginal maximum likelihood procedure (MML) (Bock &
Aitkin, 1981) because the ability parameters are integrated out. Individual person
ability parameters can be estimated afterward, for example using empirical Bayes
techniques.

A reformulation of Equation 2 illustrates that the MML formulation of the Rasch
model can be regarded as a logistic mixed model, more specifically as a hierarchi-
cal two-level logistic model. The model is a repeated measurement model with
measurement occasions nested within persons. The logistic mixed model corre-
sponding to the MML formulation of the simple Rasch model, with fixed item
parameters and random person parameters, reads as follows:

1
Logit(nij)=ZBkai+uj, 3
k=1

with Y; ~ Bernoulli(my), X;; = 1 if k=1, 0 otherwise, and u; ~ N(0, G7).

The logit of the probability of a 1 response is regressed on a set of dummy vari-
ables, one for each item. The ith item dummy equals 1 if a response is obtained for
item i, O if the response is obtained for another item. Equations 2 and 3 are equiva-
lent. The coefficients of the dummy variables, the B, are equal to minus the difficulty
parameters of Equation 2, the b, while the random person effects, indicated by the
residual term u, equal the person ability parameters, the 6 from Equation 2. Note that
although in IRT applications each person usually responds once and only once to
each item, the logistic mixed model is also applicable if for some or all person-item
combinations there are several scores or if for some combinations there are no obser-
vations, assuming that Y, the response of person j on item i on measurement occa-
sion m is distributed as Bernoulli(rt;).

The logistic mixed model can easily be adapted, for example, by including per-
son or item covariates—other than person or item indicators—as predictor variables
in an attempt to describe or explain differences between person abilities or between
item difficulties. The framework of the logistic mixed models results in a reformu-
lation of many commonly used IRT models, as well as in several other IRT models
that are uncommon but could nevertheless be meaningful in educational measure-
ment (De Boeck & Wilson, 2004; Rijmen, Tuerlinckx, De Boeck, & Kuppens,
2003). The unknown parameters of logistic mixed models can be estimated using
maximum likelihood procedures, as will be discussed later.

DIF analyses are often used to verify if the items in a standardized test do not favor
the reference group or a majority group (e.g., males, white people, . . .) in compari-
son with one or more focal or minority groups (e.g., females, people of color, . . .).
To investigate DIF using a logistic mixed model, the main effect of the group mem-
bership is modeled by means of one or more additional dummy covariates for the
groups. Uniform DIF for a specific item k is modeled by defining interaction terms
for the item dummy and the group dummy variables. In the following model, H-1
dummy variables are included to make a distinction between H groups, with the
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dummy variables being defined as group specific, and with one of the groups func-
tioning as the reference group (for which all values of the group dummy variables
are equal to 0):

I H H
Logit(m;, )= Y.B. X, +2,0,G) + X Y Gy Xy ;. 4)
k=1 h=2 h=2

with

G,,; =1 if person j belongs to group h, 0 otherwise;

o, = the effect of belonging to the focal group compared with the reference
group; and

Y, = the kth item specific effect of belonging to the focal group 4 compared with
the reference group.

Although in the reference group the item difficulty for item k equals —[3;, in the
focal group A, it equals —(B + Yu,). Because group differences in overall ability are
taken into account by including the group main effects in the model, the deviation
of Yy, from 0 indicates that there is uniform DIF for item k in focal group 4 com-
pared to the reference group. To explore or test the DIF of more than one item,
interaction terms are included for each of these items. It is also possible to con-
strain the model to have equal DIF for some items, Yy, = Yy, for all i and for k #k’.
If the parameters of the model are estimated using maximum likelihood proce-
dures, the null hypothesis that v;, equals 0 can be tested by comparing the ratio of
the coefficient and its standard error of estimation to a standard normal distribu-
tion, or to a t-distribution with df = N-p-1, with N equal to the total number of
scores, and p equal to the number of explanatory variables (Snijders & Bosker,
1999). Alternatively, the existence of DIF may be evaluated using a likelihood ratio
test. This test compares the likelihood of the model with DIF for item & to the like-
lihood of the model without DIF for item k. Because the latter model is a special
case of the former, the difference in the deviances, defined as minus twice the nat-
ural logarithm of the likelihood, is approximately distributed as a chi-square dis-
tribution with 1 degree of freedom (Snijders & Bosker). In their simulation study,
Cohen, Kim, and Wollack (1996) confirm the validity of the test for evaluating the
group-item interactions in the 2-PL model.

From Equation 4, it can be deduced that the difference in the logit between the ref-
erence group and a focal group A for item k equals o, + 7yy,. Conditional on the latent
ability, this difference in the logits, or otherwise stated, the logarithm of the ratio of
the odds for the reference group and the focal group A, thus equals 7. The DIF sta-
tistics from the logistic mixed model, thus, can be interpreted in much the same way
as the Mantel-Haenszel (MH) statistic (see Holland and Thayer, 1988, for a descrip-
tion of the close connection between both procedures). In the MH procedure, one
estimates the ratio of the odds for the two groups, for each level of the matching vari-
able (often operationalized as the sum score) separately. These odds ratios then are

446



Logistic Mixed Models for Differential Item Functioning

combined to an overall odds ratio. The MH statistic then is the logarithm of this odds
ratio. Under the null hypothesis that there is no DIF, the sampling distribution of the
MH statistic is approximately normal, with zero mean and a sampling variance that
was approximated by Phillips and Holland (1987). Note that the presence of items
showing DIF deteriorates the value of the sum score as a proxy of the latent ability.
Therefore, one could use an iterative approach to find a set of “anchor items” that are
assumed to be free of DIF and that are used to obtain a better proxy of the latent abil-
ity. Similarly, in the mixed model approach, the estimate of the DIF coefficient may
be biased if the group main effect o, is not correctly estimated. This may be the case
if the model does not include a DIF parameter for items that actually show DIF.
Therefore, one could follow an iterative approach to find a set of anchor items for
which no DIF parameters are included in the model.

Example 1

The Flemish Community in Belgium issued a set of attainment targets that spec-
ify the basic competencies that are expected from pupils leaving primary educa-
tion. De Boeck, Daems, Meulders, & Rymenans (1997) explored the assessment
of the attainment targets of reading comprehension in Dutch. In the example, we
use the data from one of the tests that were developed by the authors. The data con-
sist of the scores of a group of 539 (male and female) pupils from 29 classes out of
15 schools, who answered 57 items assumed to measure 9 attainment targets.

We used the logistic mixed model as well as the MH-procedure to explore if items
function differently for male and female pupils. The mixed model includes an inter-
action term for each item, thus, estimating for each item the item difficulty for male
pupils, as well as the additional item difficulty for female pupils. Because the diffi-
culty of each item is estimated for both groups, we dropped the group indicator from
the model to make the model identified. To test the DIF parameter for item k, we con-
trasted the parameter with the mean of the other DIF parameters, assuming that this
mean approximates the true group differences in ability. Parameter estimation and
testing was done using the GLIMMIX macro from SAS (see the Estimation section).

As expected, the estimated DIF parameters from both approaches are very simi-
lar. The correlation between the MH statistics and the estimates for the interaction
term from the logistic mixed model is equal to .97. Moreover, we found that the
standard errors of both kinds of DIF statistics are comparable. As a result, both
approaches yield comparable p values when using the Wald test for evaluating the
DIF statistics. The mean of the p values equals .37 and .35 for the mixed model and
the MH approach, respectively. If the DIF statistic is significant in one approach, it
is also significant or very close to significance in the other approach. In the mixed
model approach, the DIF coefficients of 9 items (5 positive, 4 negative) were found
statistically significantly different from 0, using an alpha level of .05. According to
the MH procedure, 12 items show DIF, including 8 of the items that show DIF
according to the mixed model approach. There is a strong correspondence between
both approaches in the results of the statistical tests (Cohen’s kappa =.71). When
using an alpha level of .01, the mixed model approach results in significant DIF
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parameters for 5 items, including the only 4 items that show significance in the MH
approach (Cohen’s kappa = .88).

Logistic Mixed DIF Models With Random Item Effects

In most common procedures for DIF analysis, statistical tests for DIF are carried
out separately for each item and each pair of focal and reference group. The large
number of tests results in the problem of false positives (Longford, Holland, &
Thayer, 1993). Although in the mixed model approach based on Equation 4 the DIF
parameters can be estimated and tested in one analysis (as in the example), the
approach is also hampered by the problem of capitalization of chance. Moreover,
Longford et al. (1993) argue that “the procedures involving a large number of statis-
tical tests reflect the optimistic view that most of the items contain no DIF, and the
few aberrant items should be easy to identify” (p. 176), but that there is evidence that
the true DIF parameters may be distributed continuously. This is supported by Fig-
ure 1, representing the distribution of the DIF-parameters (7;) from Example 1.
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FIGURE 1. The distribution of the DIF parameters for the attainment target data
(Example 1).

448



Logistic Mixed Models for Differential Item Functioning

There is also another problem: to model item difficulties and DIF, Equation 4
includes an item dummy variable for each item and an interaction term for each
item with potential DIF. This means that the model cannot be extended by includ-
ing additional item predictors in order to explain differences between item diffi-
culties or to explain DIF. Of course, one could do a second analysis to explain the
DIF. For example, Smith and Reise (1998) performed IRT analyses to calculate for
each item the difficulty for males and females. They found that the items with pos-
itive differences in difficulty between males and females and items with negative
differences generally belong to specific factors resulting from a factor analysis on
the set of items. Although very informative, this kind of procedure is laborious and
rests on a second analysis, independent of the first. Alternatively, one could replace
the set of item dummy variables by a smaller set of real item properties. If this is
done in Equation 3, the resulting model is equivalent to the linear logistic test
model (Fisher, 1973, 1983). Similarly, the interaction terms used to model DIF
(interaction of group and item dummy variables) can be replaced by interaction
terms of group x item property. These models, however, are very restrictive and
often unrealistic because there is no residual term for the item effects, and they con-
sequently assume that the item difficulties or the DIF parameters are exactly the
same for all items sharing the same item properties.

Longford et al. (1993) propose to use a random effects model to model the MH
statistics, partly to overcome these shortcomings. The statistics are assumed to vary
randomly over items, around a mean value that is usually close to O:

MH, =pu+7, +e,, (%)

with MH; as the MH statistic for item i, 4 as an overall mean (usually close to 0),
and r; as the random item effect, following a normal distribution with zero mean.
The residual ¢; is assumed to follow a normal distribution with zero mean and vari-
ance s, the sampling variance of MH; that is estimated using the Phillips and Hol-
land (1987) formula. If the variance of the random item effects (o f) is larger than
zero, there is DIF for at least one item. If one wants to know which specific items
show DIF, the individual item parameters can be estimated afterward using empir-
ical Bayes techniques. A well-known property of empirical Bayes estimates is that
although they are biased, they reduce the MSE of estimation. Furthermore, the
model can be extended by including person covariates to explore or test possible
explanations of DIF. The variance of the random item effects (¢ f) then indicates
the residual variance.

An alternative approach is the logistic mixed model approach, based on a model
with random item effects. Logistic mixed models with random item effects beside
the random person effects were proposed by Van den Noortgate, De Boeck, and
Meulders (2003) to explain differences between item difficulties using item prop-
erties, without assuming that these properties explain all differences. Such models
with crossed random effects are appropriate if items can be considered to be a ran-
dom sample, and the primary interest of the researcher is not in the particular items,
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but in the category they belong to. In a similar way, the logistic mixed model from
Equation 4 can be adapted for random item effects. The approach results in more
economical models: instead of estimating the individual main and interaction
effects for each item separately, only the parameters of the distribution of these
random effects are estimated, thus leaving room for the inclusion of additional item
properties.

Although fixed item effects are modeled using item dummy variables (Equation
4), random item effects are modeled using parameters that vary randomly over
items. Main group effects are again modeled by using dummy variables indicating
the group membership:

H H
Logit(nijh) =By + 15 + 2 0,Gyy + 21,6y (6)
h=2 h=1

with

B, = the expected logit in the reference group for an “average item”;
7o = the random main effect of item i;
G,,; = 1 if person j belongs to group £, 0 otherwise;
oy, = the overall effect of belonging to group A;
ry; = the random i-th item-specific effect of belonging to group 4, and
ro; and r,; = following a multivariate normal distribution with means 0.

The item difficulty of item i in group & equals —(By + ry; + ). If for a specific group
h the variance of r,; over the items differs from 0, then one may conclude that there
is uniform DIF for the random set of items over the groups. The random effects r
and r,; may be correlated. A positive correlation means that conditionally on the over-
all performance of the groups, the most difficult items are especially difficult for
group h.

Note that for each group, there is a set of random item effects. Because for each
group the variance of the random effects can be estimated separately, the model
allows heterogeneity of variances over groups. To simplify the model and to reduce
the computational demands, one could constrain the variances of these sets of ran-
dom effects to be equal, and covariances to be zero. In case only two groups are com-
pared and homogeneous variances are assumed—a common situation in traditional
DIF analyses—the model can be simplified as follows:

Logit(n; ) = By + 1 + 4G, + .G, +u,, D

with G; equal to —.5 if person j belongs to the reference group, or .5 if person j
belongs to the focal group.

We chose for an effect coding now, (—.5, .5) because with a dummy coding (0, 1),
the item variances are not constrained to be equal. The item difficulty of item i equals
—(Bo + ro:— .5 ry;) if person j belongs to the reference group, —(B, + ro; + .5 ry,) if per-

450



Logistic Mixed Models for Differential Item Functioning

son j belongs to the focal group. The model implies that the difference in difficulty
between the two groups, ry;, is normally distributed over the items.

The model with a DIF parameter that varies randomly over items, thus, can be
used to detect DIF in a test. If there is evidence for DIF, one could estimate the DIF
parameters of the individual items using empirical Bayes techniques. Alterna-
tively, the model can be extended by additional item predictors to explain the DIF.
Suppose a certain item covariate W indicates a specific source of difficulty. If con-
ditional on the overall ability, groups differ in the ability to cope with this kind of
difficulty, DIF will appear: items that require the additional latent ability will be
more difficult to groups that show less of this additional ability. To explore if DIF
can be explained by a certain item covariate W, Equation 6 with fixed group effects
and random item effects is extended as follows:

H H H
LOgit(nijh) =By + 1 + 2 o,G, + 2 Gy + BW, + z BhVViGhj +u;, (8)
h=2 =2 h=2

with G;; equal to 1 if person j belongs to group 4, 0 otherwise; or, simplified for
comparing two groups assuming homogeneous variances, as

Logit(nij)= Bo + 1 +0G; +1,G, +BW, +B,WG, +u,, ©)

with G; equal to —.5 if person j belongs to the reference group, or .5 if person j
belongs to the focal group.

Although B, indicates the effect of the item covariate on the item difficulty in
the reference group, B, indicates the additional effect of the item covariate in focal
group h. The random coefficient 7,; now represents the residual DIF. If the item
covariate explains DIF in group h, we expect that the coefficient 3, differs from
zero and that the variance of r;,; over the items will decrease.

One application of the random DIF models with item covariates is to explore a
possible differential testlet functioning. A testlet is “an interrelated and integrated
group of items, always presented as a single unit” (Wainer & Kiely, 1987; Wainer,
Sireci, & Thissen, 1991, p. 197). Wainer et al. (1991) propose to detect differential
testlet functioning by considering testlets as polytomous items, and using IRT-based
likelihood ratio procedures for DIF. Differential testlet functioning, however, can
also be investigated by using a logistic mixed model for random DIF, with testlet
dummy variables as item covariates with varying effects over groups. In this way,
one can not only investigate differential testlet functioning, but also the possible
within-testlet DIF because beside the coefficients for the testlet dummy variables, the
unexplained variance of the DIF parameters also is estimated.

Example 2

In the preceding example, we estimated the DIF parameters for the 57 items mea-
suring different attainment targets for reading comprehension. Our analyses
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described earlier showed that the DIF parameters seem to be continuously distrib-
uted and to follow an approximately normal distribution (Figure 1). Therefore, we
reanalyzed the data, using Equation 7, with random effects for persons and items.
The fixed group effects are modeled using G, indicating the gender (coded —.5 for
male, .5 for female pupils), with a fixed and a random coefficient. For simplicity, we
assumed that the random main and interaction item effects are independent. Param-
eters are again estimated and tested using the GLIMMIX-macro from SAS. The
results are given in the third column of Table 1.

As can be seen in the table, the effect of gender is 0.18. The logit for male pupils
equals 0.51, for female pupils 0.69, corresponding to a probability of a correct
response of .62 and .67 respectively. Performing a two-sided Wald test with an
alpha level of .05, dividing the coefficient estimate by the corresponding standard
error with a standard normal distribution, reveals that the difference between male
and female pupils, @, is statistically significant (z =2.43, p =.015). Moreover, it can
be seen that the probability of success varies over pupils and especially over items
(6-=0.53 and 6, = 1.26). Finally, the difference between male and female seems
to vary slightly over items. Although the estimate is small, it is statistically sig-
nificant on a .05 alpha level ((Sf1 =0.045, z=2.81, p=.002"), indicating that, in
general, the items show DIF.

This DIF is possibly associated with the type of item. De Boeck et al. (1997) dis-
tinguished three types of items depending on the highest level of hypothesized pro-
cessing. The three level types are: retrieving, structuring, and evaluating. To explore
the plausibility of this explanation, we used Equation 9, including the level of pro-
cessing as an item covariate, coded as 1, 2, 3, for the three levels, respectively. The
parameter estimates are found in the last column of Table 1. There is a tendency that
the higher the hypothesized level of processing, the lower the probability of a correct
response, although this observed relation is not statistically significant on an alpha

TABLE 1
Estimates of the Parameters of Logistic Mixed Models With Fixed Groups and Random
Items to Detect and Explain DIF

Parameter Notation Equation 7 Equation 9
Fixed coefficients
Base level Bo 0.60 (0.15) 0.95 (0.29)
Effect of G (Gender) o 0.18 (0.074) 0.17 (0.10)
Effect of W (Level of processing) B -0.34 (0.24)
Interaction of W * G B, 0.0072 (0.065)
Variances
Random pupil effects Gi 0.53 (0.040) 0.53 (0.040)
Random item effects Gfo 1.26 (0.24) 1.24 (0.24)
Random effects of G over items c fl 0.045 (0.016) 0.046 (0.017)

Note: Standard errors are given within parentheses.
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level of .05 (B, =-0.34, z=-1.42, p = .16). Moreover, it is clear from the table that
the level of processing must not be considered as a source of DIF: not only is the
interaction term between the gender and the level of processing not statistically sig-
nificant (8, = 0.0072, z=0.11, p = .91), the variance of r;; over items, furthermore,
does not decrease (0.045 vs. 0.046).

The Longford et al. (1993) approach gives similar results: the variance of the
random item effects (Equation 5) equals 0.056 with a standard error of 0.020 (to
be compared with the variance estimate of 0.045 and the standard error of 0.016,
Table 1). Moreover, empirical Bayes estimates of the DIF parameter for the indi-
vidual items are also comparable for both procedures, with a correlation between
both equal to .98. Standard errors are comparable as well. If the item predictor
Level of Processing is inserted in the model, the variance becomes 0.058 with a
standard error of 0.020. The weight of the item predictor is 0.028 (with a standard
error of 0.072), which is different from the corresponding coefficient in the logis-
tic mixed model approach (0.0072), but is also very small and statistically far from
significant.

Logistic Mixed DIF Models With Random Group Effects

In social research, hierarchical data structures are rather common (Bryk &
Raudenbush, 1992). Individual study participants usually belong to different
sorts of groups (e.g., schools, households, countries, . . .). Often the researcher
is not interested in the specific groups found in the study sample, and other
groups could have been obtained if another sample was drawn. In the increas-
ingly popular multilevel models, groups are considered to be random, and group
effects are modeled by means of additional random parameters. Especially
when the number of groups is large, and the groups could be regarded as a ran-
dom sample from a certain population of groups, rather than as a fixed set, the
researcher may focus on the characteristics of the population of groups, rather
than on the individual groups. To detect DIF in such a multilevel setting, the
logistic mixed model with fixed item effects (Equation 4) can be adapted by
defining random parameters for the main group effects and for the interaction
effects:

1
LOgit(ni,-h)ZZBkai + v + v Xu U 10)

k=1
with

vo, = the random effect of group & on the overall performance,
vy, = the random effect of group % on the difficulty of item &, and
vo, and vy, = following a multivariate normal distribution with means 0.

In Equation 10, the difficulty of item k equals —(f3; + v,). If the variance of vy, over
the groups differs from 0, then the difficulty of item k depends on the group, or in
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other words, there is uniform DIF for item k over the random set of groups. Note that
the random effects vy, and v, may be correlated. A positive correlation means that,
in general, the estimated difficulty of item & is higher for the less able groups than for
the most able groups, even after correction for the overall group ability.

If, in addition, items are also considered to be random, no dummy variables are
used to indicate the item (no X, as in Equation 10), but parameters are included that
vary randomly over items (7, instead of 3,X;;) and over pairs of groups and items
(t;, instead of v, Xy):

Logit(m;, ) =By + 1y + Vo, + 1, + 1. (11)

The difficulty of item i in group & equals —(By + ro; + ;). The DIF parameter, ¢, is
normally distributed over groups and items with mean 0, and variance G_.

A consequence of considering the group effects as random, is that one can evalu-
ate to which degree DIF is affected by a group characteristic. When using models
with fixed group effects on DIF, this cannot be done without assuming that the dif-
ferential effect of the group characteristics included in the model explains all DIF.
With group effects on DIF defined as random over groups, residual DIF terms are
incorporated in the model (see vy, X}, in Equation 12 and ¢, in Equation 13). The logis-
tic mixed model with a group characteristic Z with an effect that depends on the item,
whereas, the items have fixed effects reads as:

I
Logit(m;, ) = 2B, Xy + vy + v Xy + 04 Z, +0,X,,Z, +u; (12)
k=1

to explain DIF for a specific item k, or if items have random effects as
Logit(m;, ) =By + o + Vo, + 15, + 0, Z, + 1.2, + 1, (13)

extending Equations 10 and 11, respectively.

Equation 13 shows that the effect on the group ability because of an increase of
the group covariate Z with one unit equals (B, + ry;). If this sensitivity for the addi-
tional dimension is stronger for some items than for other items, ry; will vary over
items, explaining (part) of the DIF. If the group covariate Z induces DIF, this is
indicated by a statistically significant variance of r|; and a decrease of the variance
of #;, over items and groups. Note that because in Equation 13, item effects are con-
sidered to be random, the model can further be extended by the inclusion of item
covariate(s) with effects that vary over groups.

Example 3

To illustrate the DIF models with random group effects, we analyze part of the
data that stem from the “Longitudinaal Onderzoek Secundair Onderwijs” (LOSO)
(Longitudinal Research in Secondary Education), which was performed in Belgium
by the research team of Van Damme (Van Damme, De Fraine, Van Landeghem,
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TABLE 2
Estimates of the Parameters of Logistic Mixed Models With Random Groups and
Random Items to Detect and Explain DIF

Parameter Notation Equation 11 Equation 13
Fixed coefficients
Base level Bo -0.92 (0.19) —0.93 (0.18)
Effect of Z (School type) o 0.19 (0.18)
Variances
Random pupil effects Gi 0.28 (0.027) 0.28 (0.027)
Random school effects Gio 0.15 (0.054) 0.15(0.051)
Random item effects o 1.23 (0.27) 1.18 (0.26)
Random interaction of school*items (Sf 0.27 (0.026) 0.22 (0.023)
Random effects of Z over items o4 0.27 (0.080)

Note: Standard errors are given within parentheses.

Opdenakker, & Onghena, 2002) and funded by the Department of Education of the
Ministry of the Flemish community. We used data regarding the mathematics
achievement at the end of the 2nd year of the general track of secondary education,
measured using 44 items in a sample of 524 pupils, nested in 33 secondary schools.
We first explored if the item difficulty varies over schools. To evaluate this kind of
DIF, we used Equation 11, regarding items as well as groups as random. Parameter
estimates obtained with the GLIMMIX macro of SAS are found in the third column
of Table 2.

The intercept 3, equals —0.92. Taking the antilogit of this value results in .28,
indicating that an average person has a probability of .28 for a correct answer on
an average item. There are, however, substantial differences between items ((5%,0 =
1.23) and between pupils (62 = 0.28). The variance over schools (Gio =0.15) is
smaller than the pupil variance, but is not negligible. In school effectiveness
studies (e.g., Hill & Rowe, 1996; Scheerens & Bosker, 1997), it is a common find-
ing that only a relatively small part of the variance between pupil scores is attribut-
able to differences between classes or schools. More important for our application
here, is that the item difficulties seem to vary over schools. The random interaction
term between schools and items is statistically highly significant (6= 0.27, z=10.38,
p <.001). To obtain an idea of the size of DIF, we look at the effect of minus and plus
one standard deviation of #,(+/0.27 = 0.52) on the probability of success for an
item of an average difficulty in a class of an average ability (for which the probabil-
ity without DIF would be .28). The resulting probabilities are .19 and .40, respec-
tively. Thus, the effect of DIF seems to be substantial, or in general items difficulties
seem to differ substantially in different classes.

How can this DIF be explained? The data set includes data from two kinds of
schools, Catholic and public, with a slightly different curriculum with respect to
mathematics. Possibly, some items deal with mathematical topics that have
received less attention in one of the schools than in the other, resulting in a DIF.
To investigate if the DIF results from item-varying differences between schools,
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we used Equation 13, including an indicator for the kind of school (Catholic = 1,
public = 0). For simplicity, we assumed in the example that the random main and
interaction item effects (r, and r, respectively) are independent. The results are
found in the last column of Table 2. We conclude that the DIF is explained partly
by the type of school: not only has the school type an effect that varies in a statis-
tically significant way over items (0,2] =0.27, z=3.38, p <.001), also the variation
over items and schools (03), indicating DIF, is reduced from 0.27 to 0.22, a dif-
ference that is relatively large compared to the standard error of the estimates. The
proportion of DIF that is explained by the school type is .20 (= 0.27 — 0.22/0.27),
but the residual DIF is still statistically highly significant (z=9.57, p <.001).

Classification of DIF

DIF refers to the differential functioning of items over groups of persons. As dis-
cussed above, both the items and groups may be regarded as fixed or as random. The
distinction between fixed and random groups and between fixed and random items
results in four kinds of DIF (Table 3). We discussed logistic mixed models for each
of the cells of Table 3. The applications concerned cells, a, ¢, and d from Table 3
(Examples 1, 2, and 3, respectively).

Note that there are other kinds of interaction effects that could be regarded as DIF.
For example, it is possible that there is a differential functioning of groups of items,
instead of, or in addition to, a differential item functioning of individual items. More-
over, it is not uncommon that items function differently over persons belonging to
the same group. This means that there are also four types of interaction depending
upon the level one is considering (person or person groups, items or item groups)
(Table 4).

All models we discussed before describe DIF that is situated in cell b from
Table 4. In an analogous way as we did for this cell, we can model DIF for the other
three cells. For example, if the differential functioning of groups of items over groups
of persons is considered (cell d from Table 4), the groups of items as well as the
groups of persons can be regarded as random or as fixed. Of course, different kinds
of DIF can be modeled simultaneously, by including several interaction terms cor-
responding to different cells in Table 4. Note that the models we proposed to explain
DIF based on an item property (Equations 8 and 9) could be regarded as simultane-
ously modeling two kinds of DIF because the item covariate W, in fact, defines a
(fixed) set of groups of items: in addition to the interaction term between the items

TABLE 3
Four Kinds of DIF Models Based on the Status of the Effects of the Groups of
Persons and of the Items

Groups of Persons

Items Fixed Random
Fixed (a) (b)
Random (c) ()
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TABLE 4
Four Kinds of DIF, Distinguished Based on the Components of the Interaction Term
Persons
Items Individual Group
Individual (a) (b)
Group (©) (d)

and groups of persons, an interaction term is included between groups of items and
groups of persons. Similarly, the models including a person covariate (Equations 12
and 13) describe two kinds of DIF.

Finally, we note that sometimes a further grouping of groups of items and/or of
groups of persons is possible, and IRT models can be adapted to model variation at
these additional levels (Van den Noortgate & Paek, 2004). For instance, in the exam-
ples described above, pupils are grouped in classes, which in turn are grouped in
schools, but only school effects were studied. The logistic mixed models can further
be adapted to investigate if items function differently over persons, over classes, and
over schools, by including three kinds of interaction terms in one model.

Estimation

Parameters of mixed models are commonly estimated using maximum likelihood
procedures. To obtain the likelihood function of the complete data, the random
effects are integrated out. Unfortunately, for the logistic mixed model, unlike for the
linear mixed model, this likelihood cannot be written in a closed form. One solution
is to approximate the likelihood with linearization techniques. This is done in the iter-
ative quasi-likelihood procedures (Breslow & Clayton, 1993). Given starting values
for the unknown parameters, the first one or two terms of a Taylor series expansion
are used to linearize the logistic function, resulting in a standard linear mixed model.
After linearizing the logistic function, the parameters are estimated using estimation
procedures for linear mixed models, and the estimates are used for a new Taylor
expansion of the logistic function, and so on. Parameter estimates are improved in
each successive iteration. In the marginal quasi-likelihood (MQL) procedure, the
Taylor expansion uses only the parameter estimates for the fixed part. In the penal-
ized quasi-likelihood (PQL) procedure, current estimates of the random effects
are used as well, and, therefore, usually give more accurate results (Rodriguez &
Goldman, 1995; Goldstein & Rasbash, 1996). Quasi-likelihood procedures are used
in the SAS-macro GLIMMIX (Wolfinger & O’Connell, 1993), and in popular spe-
cialized software for hierarchical mixed models, such as VARCL (Longford, 1993),
HLM (Bryk, Raudenbush, Cheong, & Congdon, 2001), and MLwiN (Goldstein
et al., 1998). Because the models with random item effects and random person effects
are not strictly hierarchical in nature, they must be reformulated before software for
hierarchical models can be used (Van den Noortgate et al., 2003). An important dis-
advantage of the quasi-likelihood procedures is that not the “real” likelihood, but
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only an approximate likelihood is used, so that model fit statistics based on the like-
lihood are also only approximate and may not be used for testing the model fit
(Hox, 2002). That is the reason why in the examples, we did not use a fit statistic
(e.g., deviance, AIC, . . .) to evaluate the absolute or relative fit of a model. Instead
of using fit statistics to select the model with the best model fit, one can build the
logistic mixed model using a stepwise procedure, starting from a simple descrip-
tive model. In each step, additional parameters are added. The significance of the
parameters is evaluated using the Wald test, comparing the estimates divided by
their standard errors with a standard normal distribution. Parameters that do not
seem to be significantly different from zero possibly are omitted in a next step.
Model building and specification is more extensively discussed by, for example,
Snijders and Bosker (1999). A second disadvantage of the quasilikelihood proce-
dures is that if the number of items is small, estimates of the fixed parameters and
covariance parameters may be negatively biased.

To avoid both problems with the quasi-likelihood procedures, one can try to
approximate the marginal density by numerical integration, for example using the
Gauss-Hermite Quadrature, as implemented in proc NLMIXED of SAS (SAS Insti-
tute, 2000). A drawback of numerical integration is the computational intensity,
making this procedure much slower than the quasi-likelihood procedures. More-
over, for reasons of computational demands, (to date) only one kind of random
effects can be defined in NLMIXED. One can, for example, define one or more ran-
dom effects over persons, or one or more random effects over items, but not both
kinds of random effects at the same time. The random effects may be multiple if the
effects are of one kind, but in practice sometimes problems arise when many ran-
dom effects are defined or when the random effects are highly correlated (Kachman,
2001). The limitation of NLMIXED to only one type of random effect means it can
be used for estimating the parameters of logistic mixed models for detecting DIF if
groups and items are regarded as fixed (cell a from Table 3), but not if besides the
persons, also groups or items are considered to be random (other three cells from
Table 3).

A flexible but relatively complex approach for estimating the unknown parame-
ters of logistic mixed models, possibly with crossed random effects, is the use of
Bayesian techniques (Van den Noortgate et al., 2003). For details about the Bayesian
approach, we refer to Gelman, Carlin, Stern, and Rubin (1995); for an educational
measurement application with a logistic mixed model with random item and random
person effects, see Janssen, Tuerlinckx, Meulders, and De Boeck (2000). Although
the Bayesian approach has its strengths, we have concentrated here on estimation
procedures implemented in widely available software that is easily accessible for
practitioners.

Discussion and Conclusions

Since the 1980s, the popularity of mixed effects or multilevel models has
increased exponentially in several research domains, for example, in education, psy-
chology, and biomedical sciences. Also in IRT applications, mixed models set in
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(see, e.g., Adams, Wilson, & Wu, 1997; De Boeck & Wilson, 2004; Kamata, 2001;
Mellenbergh, 1994). The mixed model perspective suggests using random group
effects in item response models if persons belong to groups that can be regarded as
arandom sample of groups, and the researcher is not primarily interested in the spe-
cific group effects, but rather in the distribution of these effects. Furthermore, item
response models can include random item effects (crossed with the random person
effects), as discussed by Van den Noortgate et al. (2003).

These important evolutions in item response modeling suggest new models and
approaches for DIF. Traditionally, an item is said to show DIF if conditionally on
the ability, the probability of correctly answering the item depends on the group the
person belongs to and models and techniques for DIF treat both the items and the
groups as fixed. In this article, we argued that it is sometimes plausible to consider
items and/or groups to be a random sample and that doing so provides us with a flex-
ible modeling tool. We suggested a taxonomy of DIF in terms of random and fixed
effects and in terms of the level at which it is studied: items or groups of items, per-
sons or groups of persons. We showed that for all resulting kinds of DIF, which all
can have a substantive meaning in educational measurement, specific instantiations
of the general logistic mixed model can be formulated.

Although in traditional DIF analyses DIF is considered specific and limited, this
is not true if items or groups are considered random, a possibility that is explicitly
mentioned in the taxonomy. For example, the effect of fixed groups may be modeled
as varying at random over items, following a normal distribution. Although the
assumption of random variation applies to all items, this assumption is not really
restrictive in practice. If there is DIF for just one item, this would still show in an
empirical Bayes estimate of the DIF, even while a normal distribution assumption is
made. The assumption functions as a prior distribution, but the posterior distribution
(given the data) as derived from empirical Bayes estimates can turn out to deviate
from the normal distribution. If this deviation from a normal distribution is quite seri-
ous, it is recommended to use estimation procedures that are not based on the nor-
mality assumption, for example, a Bayesian procedure. A description of checking
the assumptions of mixed models and possible remedies for violation of the assump-
tions are given, for example, by Snijders and Bosker (1999).

Although still uncommon in DIF analysis, the idea of regarding DIF as random
over items is not new: it was proposed before by Longford et al. (1993). The Long-
ford et al. approach is extended by using the logistic mixed model approach in the
following ways: the logistic mixed model approach allows the investigation of
(a) DIF for a set of subpopulations (e.g., schools) by using random group parame-
ters, (b) the differential functioning of groups of items over groups of persons, or of
items over categories of groups of persons, (c) several kinds of DIF in a single analy-
sis, and (d) nonuniform DIF. As to the latter, logistic mixed models could include a
discrimination and/or a guessing parameter (Van den Noortgate et al., 2003). To
model nonuniform DIF, the discrimination parameter is allowed to vary over groups.
The parameter may be estimated for specific items and groups, but may also be
assumed to vary randomly over items and/or groups, possibly conditional on item
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and group covariates. Finally, we note that the approach of Longford et al. consists
of two steps: in a first step, the MH statistics are calculated together with their esti-
mated standard errors. In a second step, the MH statistics and corresponding stan-
dard errors are modeled using a random effects model, assuming that the standard
errors are known. In the logistic mixed model approach, the raw data are modeled
directly and all parameters are estimated in one single analysis.

We note that in the MH procedure, an observed variable (usually the total test
score) is used as a stratifying variable for examining the relation between group and
outcome, in order to distinguish DIF from ordinary group differences. Also in the
logistic regression procedure (Swaminathan & Rogers, 1990), one conditions on an
observed variable that serves as a proxy to the latent ability. The logit of the prob-
ability of a correct answer on a specific item is regressed on the observed variable,
the group membership, and their interaction. A significant group effect and inter-
action effect are indications for uniform and nonuniform DIF, respectively. In these
procedures, the observed total test score is usually used as a proxy, although alter-
native matching criteria may be more appropriate. Clauser, Nungester, Mazor, &
Ripkey (1996), for example, discuss extensions of the basic logistic regression DIF
model, to match on subtest scores or on multiple subtest scores, which may be
appropriate in case of multidimensional tests. Clauser, Nungester, and Swaminathan
(1996) show that matching on a person background variable besides the total test
score could reduce substantially the items identified as showing DIF, in case the
background variable and the group are confounded. In the logistic mixed models or
IRT models, conditioning on the ability is done by relating directly the observed
responses to the latent trait. Similar alternative types of matching are possibly. The
models we proposed assume unidimensionality: only the intercept of the models has
a random effect over persons. It is, however, also possible to define an additional
random person effect for an item covariate that indicates a specific kinds of diffi-
culty, resulting in multidimensional logistic mixed models (Rijmen & Briggs,
2004). One then controls for group differences on this additional dimension by
including the fixed interaction effect between the group and the item covariate. We
also showed above how one can control for the effect of person or group covariates
on observed DIF, by modeling their main effects and their interaction effects with
the items being investigated.

In general, we see three major strengths of the logistic mixed models approach for
modeling DIF. First, logistic mixed models are easy to understand and very flexible.
As demonstrated above, the logistic mixed models can be adapted to the kind of DIF
that is to be modeled. Several extensions of the basic DIF models are possible, for
example, by including covariates for each kind of unit or by defining additional lev-
els, allowing the researcher to adapt the model to her or his research interests. A result
of the amazing flexibility of the logistic mixed model is that the approach is applic-
able in specific situations for which valuable approaches, such as the MH approach,
exist (yielding similar results), but also in situations for which DIF methods are not
well developed. We believe that extending approaches and formulating unifying
frameworks can be of theoretical and practical value when it comes to selecting a
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method. It also gives us the comfort of staying within the same kind of global model
and software.

Second, the logistic mixed model framework allows considering items and/or
groups to be random, resulting in more economical models: under the assumption
of normality, only the mean(s) and variance(s) of the population distribution(s) of
the random effects are estimated, instead of all individual effects separately. The
variance of the random DIF parameter summarizes possible DIF in the test, and
the statistical test of this variance can be considered as an overall test for DIF. The
parameters for individual groups or items could be estimated and tested afterward
using empirical Bayes techniques, efficiently borrowing strength from other groups
or items. By using an overall test, one avoids the problem of capitalization of
chance. At the same time, the test can be more powerful if several items tend to show
DIF, but the individual DIF parameters are statistically not significant.

Third, using random DIF effects, a hypothesized explanation for DIF can be
included in the model through the effects of covariates, without requiring that the
explanation is perfect. The covariates can relate to items, persons, or (higher-level)
groups of items or persons.

Although user-friendly and commonly available statistical software can be used,
the estimation of the unknown parameters is a point of concern. The Gaussian Quad-
rature procedure to obtain maximum likelihood estimates is not feasible if there is
more than one kind of random effect. Even for the much faster quasi-likelihood pro-
cedures, estimating the unknown parameters of the models with several kinds of ran-
dom effects is a hard job: each of the analyses performed for the example based on
a model with crossed random (item and person) effects took several hours on a Pen-
tium III 1.5 GHz, using the GLIMMIX macro from SAS. Analyses of larger data sets
(possibly with hundreds of items) are likely to be problematic. Because of the
increasing computing power of personal computers, however, this problem can be
expected to become less onerous in the future. A final problem associated with using
the multilevel software, as well as the GLIMMIX macro, is that they fail to estimate
the parameters of a model, including a guessing parameter. Estimation for these mod-
els can be done by more complex Bayesian estimation procedures.

Note

'Because negative variance estimates are truncated at zero, the null hypothesis of
no variance is tested against the one-sided alternative hypothesis that the variance is
larger than zero (Verbeke & Molenberghs, 2000). Therefore, two-sided p values are
conservative, and one-sided p values for the variance parameters are used instead.
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