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We present a review of statistical inference in generalized linear mixed models (GLMMs).
GLMMs are an extension of generalized linear models and are suitable for the analysis of
non-normal datawith a clustered structure. AGLMM contains parameters common to all
clusters (fixed regression effects and variance components) and cluster-specific
parameters. The latter parameters are assumed to be randomly drawn from a population
distribution. The parameters of this population distribution (the variance components)
have to be estimated together with the fixed effects. We focus on the case in which the
cluster-specific parameters are normally distributed. The cluster-specific effects are
integrated out of the likelihood so that the fixed effects and variance components can be
estimated. Unfortunately, the integral over the cluster-specific effects is intractable for
most GLMMs with a normal mixing distribution. Within a classical statistical framework,
we distinguish between two broad classes of methods to handle this intractable integral:
methods that rely on a numerical approximation to the integral and methods that use an
analytical approximation to the integrand. Finally, we present an overview of available
methods for testing hypotheses about the parameters of GLMMs.

1. Introduction

In many studies in the social sciences, researchers are faced with data having a clustered

structure, thereby violating the usual independence assumption underlying familiar off-

the-shelf statistical methods such as multiple linear regression and simple analysis-of-

variance models. Clustered data arise, for example, in educational measurement

applications when several test items are administered to pupils; in longitudinal studies

of personality where the occurrence of an emotion is repeatedly assessed over time for a

sample of persons; in survey research where the political preference of household
members is questioned; or in experimental psychology where the experimental design

contains within-subject variables. In these and other examples, we can distinguish
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at least two levels in the data: measurements or level 1 units (e.g. items, time points,

household members) nested within clusters or level 2 units (e.g. persons, households).

Henceforth, we will use the terms ‘measurement’ and ‘cluster’ to refer to level 1 and

level 2 units, respectively. This framework is readily extended to data structures with

more than two hierarchical levels of nesting (see Goldstein, 2003; Snijders & Bosker,

1999), but for simplicity we will consider in this paper only two-level data.
The measurements within a cluster are likely to be dependent because they tend to

be more homogeneous than measurements from different clusters, giving rise to within-

cluster dependence. By the same token, there is between-cluster heterogeneity because

clusters tend to differ systematically from each other. Thus, both within-cluster

dependence and between-cluster heterogeneity emanate from the clustered data

structure (Collett, 1991).

How should one analyse such clustered data? On the one hand, one could perform an

analysis that ignores the between-cluster heterogeneity or within-cluster dependence
and treats all measurements as independent. As a consequence, the model would

contain only parameters common to all clusters from which general effects of predictors

can be derived. A major shortcoming of this approach is that parameter estimates will

probably be biased and that the uncertainty measures of the common parameter

estimates will presumably be incorrect because the observations belonging to the same

cluster do not contribute independent bits of information, contrary to the model

assumption. Moreover, the model does not provide information about the extent of

between-cluster heterogeneity.
On the other side of the spectrum lies the possibility of performing a separate

analysis for each cluster. By definition, all parameters are now cluster-specific and none

of the parameters are common to the clusters. Such an analysis takes into account the

between-cluster heterogeneity but scientific questions of interest concerning common

effects of variables cannot be addressed. Moreover, for clusters with only a few

measurements, some parameter estimates may have large standard errors or it may even

be impossible to estimate these parameters.

As a compromise between these two extreme positions, the data analyst could build
a statistical model for the clustered data containing both ordinary regression parameters

common to all clusters and cluster-specific parameters. Our main focus is on so-called

mixed models, which assume that the cluster-specific effects are a random sample from

a population distribution. Mixed models cope in a natural way with between-cluster

heterogeneity. They provide common parameter estimates with adequate levels of

uncertainty and different cluster sizes are no longer a problem. Other names for mixed

models are multi-level models (Goldstein, 2003), hierarchical models (Raudenbush &

Bryk, 2002) and random coefficient models (Longford, 1993). The cluster-specific
parameters in mixed models are also called random effects or, as in the literature on item

response theory (IRT), latent traits or latent variables. For a thorough introduction to

mixed models, we refer the reader to Davidian and Giltinan (1995), Diggle, Heagerty,

Liang, and Zeger (2002), Goldstein (2003), Fahrmeir and Tutz (2001), Longford (1993),

McCulloch and Searle (2001) and Verbeke and Molenberghs (2000).

The aim of this paper is to give non-specialists an overview of issues of statistical

inference for a special but important class of mixed models for non-normal data:

generalized linear mixed models (GLMMs). Our motivation for this is twofold. First,
many measurements in the social sciences are categorical (binary, ordered, discrete

choice data), and so unsuitable for linear modelling. For non-normal data without

clustering, generalized linear models (GLMs: McCullagh & Nelder, 1989) are an
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appropriate alternative to linear models. For clustered data, the GLM can be extended

easily to mixed models, leading to a GLMM. Recently, GLMMs have become important

tools for analysing clustered data. Many models from IRT (Legler & Ryan, 1997; Rijmen,

Tuerlinckx, De Boeck, & Kuppens, 2003) and multi-level models for non-normal data

(Snijders & Bosker, 1999) are special cases of GLMMs.

The second motivation is that the research on statistical inference for these models is
well under way and has spawned a large number of methods and procedures, all coming

with specific advantages and disadvantages. But much of the literature on these methods

is scattered among specialized biometrical and statistical journals and often not easily

accessible to social scientists. Moreover, software packages have implemented different

methods or slightly different variants of similar methods, and they explain only very

briefly the characteristics of the algorithms. Therefore, there is a need for an integrated

review of available statistical inference methods in GLMMs for social scientists.1

Linear mixed models are a special case of GLMMs, but our attention will not be
directed towards these models. Statistical inference for linear mixed models is well

developed and the references quoted above are for the most part devoted to the linear

case (see also Raudenbush & Bryk, 2002; Kreft & De Leeuw, 1998; Searle, Casella, &

McCulloch, 1992).

The remainder of the paper is organized as follows. Section 2 introduces GLMs with

cluster-specific parameters and the GLMM. Most of the rest of the paper is then devoted

to the estimation of the parameters in a GLMM. A separate section deals with hypothesis

and goodness-of-fit testing. Subsequently, we also discuss briefly alternative approaches
to handling clustered data.

2. Generalized linear models with cluster-specific effects

In this section, we start by introducing the GLM and then move on to the variant with

cluster-specific effects. With cluster-specific effects, several perspectives are possible,

and this has consequences on the inferential methods. Three different approaches will

be discussed, one of which leads to the GLMM.

2.1. The model
Let yni denote the ith measurement on cluster n, where i ¼ 1; : : : ; In and
n ¼ 1; : : : ;N . For example, yni can stand for the binary scored response of person n

on item i of a cognitive test: yni ¼ 1 if the response is correct and yni ¼ 0 otherwise. The

number of measurements can differ over clusters, but for simplicity we will deal only

with the case where In ¼ I , for all n. However, all results presented are easily extended

to the more general case.

Suppose first that there is only one person (N ¼ 1) in the sample, so that we can

drop the index n. In a GLM, given the predictors, the I measurements are independent

realizations from an exponential family distribution. A density f(yi) belongs to the
exponential family if it can be expressed as:

f ðyiÞ ¼ f ðyijviÞ ¼ exp {yivi 2 bðviÞ þ eðyiÞ}; ð1Þ

1 In 2004, after the submission of this paper, Skrondal and Rabe-Hesketh (2004) also provided an extensive overview of
inferential methods in GLMMs.
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where vi is called the natural parameter, b(vi) is a function whose form depends on

the specific distribution and e( yi) is a function of the data that does not depend on

the natural parameter of the model. Typical examples of distributions of the

exponential family are the normal, Bernoulli, binomial, Poisson and gamma

distributions.2

The Bernoulli distribution is a member of the exponential family:

p
yi
i ð1 2 piÞ12yi ¼ exp yi log

pi

1 2 pi

� �
þ log ð1 2 piÞ

� �

¼ exp { yivi 2 log ð1 þ eviÞ}; ð2Þ

so that vi ¼ log ð pi

12pi
Þ; bðviÞ ¼ log ð1 þ eviÞ; and eðyiÞ ¼ 0.

It can be shown (McCullagh & Nelder, 1989) that the mean of an exponential family

distribution equals EðyiÞ ¼ mi ¼
dbðviÞ

dvi
¼ b0ðviÞ. The variance of an observation yi is

denoted as v(mi) to acknowledge that it may depend on the mean. It is derived as

follows:
d2bðviÞ

dv2
i

¼ vðmiÞ. It is straightforward to check that these properties hold for the

Bernoulli model in our example.
In the most common GLMs (and the only ones we consider here), the natural

parameter vi is a linear function of predictors and parameters (called the linear

predictor hi):

vi ¼ b021ðmiÞ ¼ gðmiÞ ¼ xT
i b;

where b is a P-dimensional vector of regression coefficients and xi is the P-dimensional

design vector for the ith observation. The first component of xi, xi1, is usually equal to 1,

representing the intercept. The function g(·) is called the (canonical or natural) link

function because it relates the mean of the distribution through a transformation (the

particular transformation being dependent on the distribution) to the predictors. The

inverse of g(·), equal to hð·Þ ¼ b0ð·Þ, is called the response function and maps the linear

predictor hi ¼ xT
i b onto the mean of the observations. In our Bernoulli example, the

mean mi ¼ pi is transformed into the natural parameter vi, which is then regressed

linearly on the predictors. Thus, the logit transform is the link function. Then it follows

that the probability of observing 1 equals:

Pr ðyi ¼ 1jbÞ ¼ exp ðxT
i bÞ

1 þ exp ðxT
i bÞ

; ð3Þ

and this is the equation for the logistic regression model. The normal linear model is also

a GLM in which the data have a normal distribution for the observations and the link

function is the identity function so that the mean is directly regressed on the predictors.

If there is more than one cluster in the sample (N . 1), we need to take the

within-cluster dependence or between-cluster differences into account, an aspect

that is lacking in the standard GLM. Therefore, we will introduce a Q-dimensional

vector of cluster-specific parameters, un ¼ ðun1 ; : : : ; unQÞ. This vector is indexed by

n, indicating that it is associated with cluster n. A set of predictors corresponding

to these effects is denoted by zni. In a GLM with cluster-specific variables, the

2 Often there is also a dispersion parameter w present in the exponential model formulation (Fahrmeir & Tutz, 2001;
McCullagh & Nelder, 1989). The dispersion parameter is crucial in normal models where it is the variance. However, because
normal models are not the focus of this paper, we will not include the dispersion parameter in our equations.
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transformed mean of a single observation, mni ¼ EðyniÞ, is regressed on the

predictors as follows:

gðmniÞ ¼ xT
nibþ zTniun: ð4Þ

The simplest extension of the logistic regression model to a model with cluster-

specific parameters includes a separate intercept un for each cluster. In that case, zni ¼ 1

for all n and i and the probability of observing 1 is equal to:

Pr ð yni ¼ 1jb; unÞ ¼
exp ðun þ xT

nibÞ
1 þ exp ðun þ xT

nibÞ
:

In the remainder of the paper, we will denote the probability or density of a single

observation, conditional upon time parameters in the model, by p( ynijb, un). The joint

probability or density of the response pattern for cluster n is expressed as
f ðynjb; unÞ ¼ PI

i¼1pðynijb; unÞ. The latter equality follows from the conditional or

local stochastic independence assumption, which means that, given the cluster-specific

effects, the measurements are independent.

2.2. Status of the cluster-specific effects
Cluster-specific effects can be regarded in three ways. First, they can be considered as

fixed effects parameters. In such a model, the parameter vector with cluster-specific

effects, un, has the same status as the fixed regression coefficients b. Parameter

estimates are found by maximizing the joint likelihood:

LJML ¼
YN
n¼1

f ðynjb; unÞ; ð5Þ

hence the term joint maximum likelihood (JML) estimation. However, these maximum

likelihood estimators obtained from JML for the fixed effects parameters b are not

consistent (Neyman & Scott, 1948) because the number of parameters grows at the same

rate as the sample size N (each new observation brings along a new set of parameters).

Inconsistency of the estimators ofb is unwanted, certainly if one is specifically interested
in the common parameters and not in the cluster-specific parameters that are seen as

nuisance or incidental parameters. Moreover, as shown by Neyman and Scott, the fixed

effects estimators in a JML framework are not guaranteed to be asymptotically the most

efficient ones. Two alternatives are possible to get rid of the nuisance parameters:

conditioning or marginalizing.

In the conditional inference approach, the cluster-specific parameters disappear

from the likelihood that is optimized by conditioning on their sufficient statistics. It

can be shown that in a GLM with the natural link function, sufficient statistics exist
for all parameters (Andersen, 1980; McCullagh & Nelder, 1989). The vector of

sufficient statistics for un is defined as sn ¼
PI

i¼1znyni and let r(snjb, un) be the

density of the sufficient statistics sn. Then the likelihood LJML from equation (5) can

be factorized as follows:

LJML ¼
YN
n¼1

f ðynjb; unÞ ¼
YN
n¼1

f ðynjb; snÞrðsnjb;unÞ ¼ LCML

YN
n¼1

rðsnjb; unÞ:
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When doing conditional inference, the conditional likelihood LCML is maximized (hence

conditional maximum likelihood or CML). Through conditioning on the sufficient

statistics, LCML is free of the cluster-specific parameters so that the CML estimators are

consistent and asymptotically normally distributed (Andersen, 1970). On the other hand,

the distribution of the sufficient statistics may contain information about the fixed effects

parameters, which is discarded when maximizing LCML. Except for some cases (see
Andersen, 1970), the CML estimators are not efficient.

Besides this, CML has two other disadvantages. First, one may condition out some

of the fixed effects when conditioning on sufficient statistics for the cluster-specific

effects (Diggle et al., 2002; Verbeke, Spiessens, & Lesaffre, 2001). Suppose a cluster-

specific intercept is conditioned out of model. Then all fixed effects parameters of

predictors that are constant within clusters (background variables applying to all

measurements of the cluster, such as gender or educational level) are also

conditioned out and cannot be estimated. The reason is that such predictors provide

information about between-cluster comparisons but, by the conditioning operation,

we restrict ourselves to within-cluster comparisons only. Second, some clusters do

not contribute to the conditional likelihood because they result in values for the

sufficient statistics that are uniquely related to their pattern of measurements. Thus,

conditioning on the sufficient statistics gives a probability of 1 of observing the

pattern of measurements and this has no influence on the likelihood LCML. For

example, persons who fail or who solve all items in a cognitive test do not contribute

to the conditional likelihood for an IRT model.

In the third approach, the nuisance parameters are considered as a random sample

from a population. The GLM with cluster-specific effects is thus supplemented with an

assumption about their population distribution, leading to a mixed model. The cluster-

specific effects are called random effects. The likelihood for this model is called the

marginal likelihood and the estimation procedure is marginal maximum likelihood.

Three types of mixed models can be distinguished, depending on the assumptions made

about the unobserved mixing distribution. The most general approach is to leave the

mixing distribution entirely unspecified. In such a case, the estimated distribution function

willbe a step function with a finite number of steps (Laird, 1978). This method is callednon-

parametricmaximumlikelihood estimation (NPMLE) or fully semi-parametric estimation

(Heinen, 1996). In the context of IRT models, De Leeuw and Verhelst (1986) and Lindsay,

Clogg, and Grego (1991) have studied when the CML estimator and the NPMLE are

equivalent. A more restricted model assumes that the locations of the steps (mass points) of

the non-parametric distribution are known, and only its masses have to be estimated. This

method is called semi-parametric estimation by Heinen. Finally, it can be assumed that the

cluster-specific effects come from a (continuous) parametric distribution, with one or a few

free parameters that have to be estimated.

In the remainder of the paper, we focus on the GLMM with a (multivariate)

normal mixing distribution for the random effects. This is the model that is most

often applied in practice. In this model, the marginal probability of a response

pattern yn is obtained as:

pðynjbÞ ¼
ðþ1

21

YI
i¼1

pðynijb; unÞfðunj0;�Þdun ¼
ðþ1

21

f ðynjb; unÞfðunj0;�Þdun ð6Þ

where f(unj0, �) is the multivariate normal distribution of dimension Q with

mean vector 0 (of length Q) and covariance matrix � (dimension Q £ Q).
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The normal distribution has mean vector 0 because the means can always be

considered as fixed effects and can be made part of the fixed effects part without

changing the model. The limits of integration will henceforth be dropped.

Assuming a normal mixing distribution for the random effects extends the model

with the assumption that the cluster-specific effects are a random sample from a normal

distribution. It has been shown that the maximum likelihood estimators are relatively

robust against the misspecification of the population distribution (Neuhaus, Hauck, &

Kalbfleisch, 1992). Other model misspecifications may have larger consequences. For
instance, Heagerty and Zeger (2000) show that the assumption of a constant variance–

covariance matrix � for all level 2 units of the population can lead to serious biases in

the regression coefficients for predictors that vary only between clusters (see also

Daniels & Zhao, 2003). Extensions to accommodate model misspecifications of this type

are not considered in this paper.

For some GLMMs the integral in equation (6) has a closed-form solution due to the

particular combination of a probability distribution and a distribution for the random

effects (i.e. the random effects distribution is conjugate to the probability distribution of
the data). Examples are the obvious linear mixed model (Verbeke & Molenberghs,

2000), the beta-binomial model (Crowder, 1978; Kleinman, 1973; Skellam, 1948;

Williams, 1975, 1982), the model proposed by Conaway (1990) and the gamma-Poisson

model (e.g. Jansen, 1994). However, for the most common model, the logistic-normal

model, there is no analytical solution.

3. Fitting a GLMM with a normal mixing distribution

The estimation of the parameters in a GLMM with a normal mixing distribution is not a

trivial task and several methods have been proposed in the literature. In this section, we
review the most common methods, discuss their advantages and disadvantages and

briefly mention the software packages in which they are implemented.

The parameters in b and � in the GLMM are estimated by maximizing the following

likelihood:

Lðb;�jy1; : : : ;yNÞ ¼
YN
n¼1

Lnðb;�jynÞ ¼
YN
n¼1

pðynjbÞ: ð7Þ

The likelihood in this equation is the marginal likelihood and the contribution of cluster
n to this marginal likelihood is denoted as Ln(b, �jyn).

The intractable integral in (7), appearing in most GLMMs with normally

distributed random effects, is the main impediment to applying GLMMS. Therefore,

methods for approximating the integral will be the main theme of this section. There

are two general types of solution. The first is to approximate the integral numerically,

so that the marginal likelihood can be computed and optimized. The second is to

approximate the integrand, so that the integral of the approximation has closed form.

Either approximation leads to a standard optimization problem. For these,
introductory texts are widely available (Bunday, 1984; Everitt, 1987; Gill, Murray, &

Wright, 1981; Lange, 2004), and so we do not discuss them here.

3.1. Approximation to the integral
In a full likelihood analysis, an approximation to the marginal likelihood in equation (7)
is maximized. There are four methods to tackle the problem, and they can be classified
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in a 2 £ 2 table. One factor distinguishes between a direct and indirect maximization of

the marginal likelihood, and the other between a deterministic (i.e. non-stochastic) and

a Monte Carlo based (i.e. stochastic) numerical approximation to the intractable

integral. In this subsection, we will first discuss direct maximization of the marginal

likelihood and then indirect maximization; the issue of deterministic versus Monte Carlo

approximations is contained within each of these.

3.1.1. Direct maximization
In both deterministic and stochastic versions of the direct maximization method, the

integral is replaced by a finite sum and then maximized. We begin by discussing

Gaussian quadratures (i.e. non-stochastic) and then consider Monte Carlo integration

and some general optimization methods.

Gaussian quadratures. When the random effects are assumed to be normally distributed,

the non-stochastic numerical approximation is usually done via Gauss–Hermite (GH)

quadrature (e.g. Naylor & Smith, 1982). With a GH quadrature, unidimensional integrals

of the form
Ð
uðtÞe2t 2

dt are approximated as:ð
uðtÞe2t 2

dt <
Xm
h¼1

uðthÞvh; ð8Þ

where th and vh are the GH quadrature nodes and weights that can be found (up to

m ¼ 20) in Abramowitz and Stegun (1974). (For m . 20, the standard nodes and
weights can be computed with an algorithm described by Golub and Welsch, 1969.)

The theory on GH quadratures states that the nodes are optimally spaced and

weighted so that, with m nodes, the quadrature will be exact if u(t) is a polynomial

of degree 2m2 1.

If the weight function e2t 2

in equation (8) is replaced by a normal density with mean m

and standard deviation s, then the weights of the regular GH quadrature have to be

linearly transformed (Naylor & Smith, 1982). This can be derived easily as follows:ð
uðtÞfðtjm;s2Þdt ¼ 1ffiffiffiffiffiffi

2p
p

s

ð
uðtÞexp

�
21

2
ðt2mÞ2

s2

�
dt

¼
ffiffiffi
2

p
sffiffiffiffiffiffi

2p
p

s

ð
uðmþ s

ffiffiffi
2

p
rÞe2r 2

dr

<
Xm
h¼1

uðmþ s
ffiffiffi
2

p
thÞ

vhffiffiffiffi
p

p ;

ð9Þ

where from the second to the third expression, a change-of-variable operation is carried

out with r ¼ t2mffiffi
2

p
s
: The transformed nodes mþ s

ffiffiffi
2

p
th and weights vh=

ffiffiffiffi
p

p
constitute a

new set of nodes and weights that are said to be based on the normal kernel. Because it is

useful below, we will explicitly define a set of nodes and weights based on the standard

normal kernel (m ¼ 0;s ¼ 1): dh ¼
ffiffiffi
2

p
th and wh ¼ vh=

ffiffiffiffi
p

p
:

Integration over a multivariate normal distribution of dimension Q is, in effect, an

extension of the unidimensional case. The vector of nodes based on the multivariate

standard normal kernel dh1; : : : ;hQ ¼ ðdh1
; : : : ;dhQ

Þ has to be pre-multiplied by �1=2, the
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Cholesky decomposition of the variance–covariance matrix (the matrix equivalent of

a square root). Applied to the likelihood for person n this gives:

Lnðb;�jynÞ <
Xm
h1¼1

· · ·
Xm
hQ¼1

f ðynjb;�1=2dh1; : : : ;hQ
Þwh1

: : :whQ
: ð10Þ

If both m and N in this equation tend to infinity, standard asymptotical results about

maximum likelihood estimation hold for GLMMs (i.e. consistency and asymptotic

normality: Fahrmeir & Tutz, 2001). This holds under a set of regularity conditions (Lehman

& Casella, 1998), which are so general that they apply to all models considered here.
The accuracy of the approximation depends in the first place on the number of

nodes m and on the proximity of f( ynjb, un) to a polynomial of degree 2m2 1. For

none of the GLMMs is f ðynjb; unÞ a polynomial, and moreover it remains unclear

what degree a well-approximating polynomial should have. Therefore, for the choice

of the number of nodes, a researcher has to rely on the literature and experience.

But to make things even more complicated, there is no agreement in the literature

concerning the number of nodes. For unidimensional models, some authors judge

10 nodes to be satisfactory (Bock, Gibbons, & Muraki, 1988), while others claim

that at least 20 are needed to achieve sufficient accuracy (Crouch & Spiegelman,

1990). Lesaffre and Spiessens (2001) discuss a relatively simple example where the

final answer from the analysis strongly depends on the number of nodes. For

multidimensional models, Bock et al. suggest that in two dimensions, 5 nodes per

dimension are sufficient, and if there are more than two dimensions, 3 nodes per

dimension are enough. The accuracy of the approximation is also related to the size

of the variance of the random effects distribution and to the size of clusters

(StataCorp., 2001). Larger cluster sizes and large variances generally have an

accumulated negative impact on the accuracy of the GH quadrature. The latter

observation is also made by Lesaffre and Spiessens. A heuristic strategy to determine

whether the quadrature has enough nodes is to perform several analyses with an

increasing number of nodes. If the estimates from m to mþ 1 nodes do not change

very much, then one might opt for a quadrature with m nodes. The influence of

cluster size and random effects variance will be taken up again in detail below.

As the number of dimensions Q increases, the computational burden rapidly grows

because the total number of nodes (mQ) increases at an exponential rate. Even if we

decrease the number of nodes per dimension as suggested by Bock et al. (1988), the

total number of terms in the quadrature still increases rapidly. For high-dimensional

problems, stochastic GH quadrature (see below) may be a resolution.

In equation (10), a GH quadrature with the same centring (around the zero vector,

the population mean for random effects) and with the same scaling (derived from the

estimated variance–covariance matrix of the random effects at population level) is used

for all clusters. Common centring and scaling of the GH quadrature is not very efficient

when the variance components are large because then the nodes may not be located in

the integrand’s most interesting region. This is illustrated in Figure 1. Our explanation in

the following paragraphs is based on Rabe-Hesketh, Pickles, and Skrondal (2001).

Starting from the Rasch model, we simulated a data set with 100 clusters each having

50 measurements (this is a logistic regression model with a random intercept, un, and

only indicator variables as predictors). Next, we selected the response pattern for the
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clusters with the highest and lowest un and plotted the integrand aðunjyn;b;s
2Þ ¼

f ðynjb; unÞfðunj0;s2Þ as a function of un (for b and s we used the true population

values). In fact, the integrand aðunjyn;b;s
2Þ ¼ f ðynjb; unÞfðunj0;s2Þ can be

considered as the unnormalized posterior density for un given yn, b, and s. Therefore,

the mode of the integrand is located at the most likely a posteriori value of un.
In the upper panel, this was done for s ¼ 0:0001, which meant that there are almost

no between-cluster differences. One can see that for both clusters the integrand is

unimodal and symmetric around zero. In the lower panel of Figure 1, the un-values are

simulated from a normal distribution with s ¼ 2. The integrands of the two clusters

have moved in opposite directions on the u-continuum compared with the upper panel

and become more peaked. This makes sense because in the simulation step more

extreme values for un lead to more extreme data patterns, which lead to more extreme a

posteriori likely values for un. However, because of the increased peakedness of the

integrands, the GH quadrature points do not cover the integrands well. Therefore, if the

variance of the random effects distribution is large, the number of GH quadrature points

has to be increased. However, this may not work because the new points are mainly

added at the extremes of the continuum rather than resulting in an increased density of

grid points (moreover, the weights of the extreme nodes are very small, and therefore

could be ignored). A larger cluster size will also increase the peakedness and

consequently it also affects the accuracy of the approximation.

Figure 1. Plot of the integrand f(ynjb, un)f(unj0,s
2) for a personwith a large true un (dotted line) and one

withasmalltrueun(solidline). Intheupperpanel, theu-valuesaredrawnfromanormaldistributionwithmean

0 and standard deviations ¼ 0.0001. In the lower panel the u-values come from a normal distributionwith

mean0andstandarddeviations ¼ 2.Thenodesof theGauss–Hermitequadraturearedenotedbytriangles.
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An improved version of the regular GH quadrature (Pinheiro & Bates, 1995) is

obtained by centring and scaling the GH quadrature nodes differently for each person

according to the most likely value for the random effects vector given the observed data

and (current) estimates of the fixed effects and variance components. This technique is

called adaptive Gauss–Hermite (AGH) quadrature.

The AGH quadrature starts by maximizing the integrand aðunjyn;b;�Þ ¼
f ðynjb; unÞfðunj0;�Þ in equation (7) for each person with respect to the random

effects un; the resulting estimates are the joint posterior modes for the random effects

since the function a(unjyn, b, �) is equal to the unnormalized posterior density of un (i.e.

it is proportional to the posterior distribution of the random effects). It is easier to find

the maximum of log(a(unjyn, b, �)) than of a(unjyn, b, �). Because b and � are

unknown, they are replaced by the current parameter estimates of iteration c, b̂ðcÞ and

�̂ðcÞ. The matrix Ĥn is the Hessian matrix which contains the second-order partial

derivatives of log ðaðunjyn; b̂
ðcÞ; �̂ðcÞÞÞ, evaluated at ûn. The matrix 2 Ĥn is then the

observed information matrix, and consequently, V̂n ¼ 2Ĥn is the estimated asymptotic

variance–covariance matrix for the random effects posterior modes. Under a GLMM, an

explicit expression for V̂n can be derived (McCulloch & Searle, 2001), but that will not

be done here. The contribution of cluster n to the likelihood can now be written as:

Lnðb;�jynÞ ¼
ð
f ðynjb; unÞfðunj0;�Þdun

¼
ð
f ðynjb; unÞfðunj0;�Þ

fðunjûn; V̂nÞ
fðunjûn; V̂nÞdun: ð11Þ

The GH quadrature approximation can be applied again, but now considering

fðunjûn; V̂nÞ as the mixing normal density. The node vector dh1; : : : ;hQ
from the

standard normal kernel has to be transformed to ûn þ V̂
1=2

n dh1; : : : ;hQ
to accommodate

the mean vector and variances and covariances of the new multivariate normal mixing

distribution. The approximation to equation (11) then gives:

Lnðb;�jynÞ

<
Xm
h1¼1

···
Xm
hQ¼1

f ðynjb;ûnþ V̂
1=2

n dh1;: : :;hQ
Þfðûnþ V̂

1=2

n dh1;: : :;hQ j0;�Þ

fðûnþ V̂
1=2

n dh1;: : :;hQ jûn; V̂nÞ
wh1

: : :whQ

¼ð2pÞQ=2j V̂nj1=2
Xm
h1¼1

···
Xm
hQ¼1

f ðynjb;ûnþ V̂
1=2

n dh1;: : :;hQ
Þfðûnþ V̂

1=2

n dh1;: : :;hQ
j0;�Þ

£ exp
1

2
dT
h1;: : :;hQ

dh1;: : :;hQ

� �
wh1

: : :whQ
;

« ð12Þ

where the last equation follows by inserting the equation for the normal density.

The principle of the AGH quadrature is illustrated in Figure 2. The upper panel

shows the integrands for a large and a small value of un under a Rasch model with

s ¼ 0:0001. The triangles pointing upwards and downwards are the recentred and

rescaled quadrature nodes corresponding to the integrand represented by the solid
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and the dotted line, respectively. The adaptive procedure does not produce a lot of

difference and, in fact, the nodes are placed at the same locations as the nodes in the

upper part of Figure 1. In the lower panel, however, we see that the AGH quadrature

aptly recentres and rescales the nodes so that they sample the region of interest for both

integrands.

When applying the AGH quadrature, fewer nodes are necessary to achieve equal

accuracy as for the regular GH quadrature. However, the gain in speed by having fewer
terms in the approximating sum is offset by the time-consuming procedure of estimating

the mode and Hessian matrix of the log of the integrand for each cluster. As an anonymous

reviewer pointed out, one could design a version of the method where the centring and

scaling of the nodes is only updated after a few iterations.

In principle, the AGH quadrature could be made even more accurate. As proposed

here, the new centre ûn and scale V̂n of the quadrature are based on the current

parameter estimates for b̂ðcÞ and �̂ðcÞ. One could also view the centre and scale of the

quadrature as a function of the fixed effects parameters and variance components:
ûn ¼ ûnðb;�Þ and V̂n ¼ V̂nðb;�Þ. When we substitute these expressions into equation

(12), the expression can be maximized directly as a function ofb and �. The dependence

of ûn and V̂n onb and�may be complicated and this will slow down the AGH quadrature

method further. Therefore, this approach is not considered for the AGH quadrature.

Monte Carlo integration. An alternative to the non-stochastic Gaussian quadrature rules is

Monte Carlo integration. All the methods we discuss here simulate the likelihood rather

Figure 2. Similar plot to Figure 1. The nodes of the AGH quadrature for the solid curve are triangles

pointing upwards and for the dotted curve are triangles pointing downwards.
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than really computing it (therefore these methods are sometimes called simulated

maximum likelihood methods). The starting-point is to view the integral as an

expectation of the function f(ynjb, un) of a normally distributed random variable un:

Lnðb;�jynÞ ¼
ð
f ðynjb; unÞfðunj0;�Þdun ¼ E½ f ðynjb; unÞ�: ð13Þ

A straightforward finite-sample approximation to this expectation is calculated by

sampling m independent realizations, u1
n; : : : ; u

m
n , from N(unj0, �) and then computing

the sample average:

Lnðb;�jynÞ <
1

m

Xm
h¼1

f ðynjb; uhnÞ: ð14Þ

As m approaches infinity, the sample average converges to the true likelihood. If both N

and m go to infinity, the maximum likelihood estimators converge to their true value
under suitable regularity conditions. Note that a Monte Carlo approximation to the

integral introduces another source of error: the error due to sampling variance. The

sampling variance can be estimated by the sample variance of the calculated values of

f ðynjb; uhnÞ. As m goes to infinity, error due to sampling variability disappears. One of

the important factors influencing the error due to sampling is whether N(unj0, �) has

enough mass in the region of interest of f (ynjb, un).

The method described above is the stochastic counterpart of the GH quadrature: the

only difference is that instead of a fixed set, the nodes in Monte Carlo integration are
drawn at random from the currently estimated normal random effects population

distribution. For all clusters in the sample, the same distribution is used to sample the

nodes from, but the nodes may also be sampled for each cluster from the posterior

distribution of random effects as in the AGH. The result is an importance sampling

approximation. As indicated by the right-hand side of equation (11), we can draw m

independently and identically distributed and samples from Nðunjûn; V̂nÞ and then

compute the following sample average:

Lnðb;�jynÞ <
1

m

Xm
h¼1

f ðynjb; uhnÞfðuhnj0;�Þ
fðuhnjûn; V̂nÞ

: ð15Þ

The added value of Monte Carlo integration is especially noticeable with

multidimensional integrals. For the GH quadrature, the total number of nodes increases

exponentially with an increasing number of dimensions, while this is not the case with

Monte Carlo integration methods.
Other types of computer-intensive Monte Carlo methods within a classical statistical

framework are rather specialized and are not discussed here. For instance, a popular

method in econometrics is the method of simulated moments (see Jiang, 1998;

McFadden & Train, 2000; Train, 2003).

Optimization methods and software. Once the problem of the intractable integral is solved,
the actual maximization of the likelihood can commence. Usually, the log-likelihood is

easier to maximize than the likelihood. Therefore, the logarithms of the individual

contributions to likelihood are summed to yield the total log-likelihood l(b, �), which is

maximized as a function of the fixed effects parameters b and the variance components
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�. Algorithms for solving this optimization problem differ in the amount of information

they extract from the log-likelihood surface to find the maximum.

The first class of algorithms uses only function values to locate the maximum and

nothing else. The simplex algorithm (Nelder & Mead, 1965) is probably the best-known

exemplar of this class. On the other side of the continuum, algorithms such as Newton–

Raphson or the related Fisher scoring algorithm (see Everitt, 1987; Tanner, 1996) also
use first- and second-order partial derivatives of the log-likelihood function, which

provide information about the steepness and curvature, respectively, of the log-

likelihood surface. An intermediate class of algorithms relies only on function values and

first-order derivatives. The first-order derivatives can be used to create at each iteration

step of the algorithm an updated approximation to the Hessian matrix of second

derivatives (as in the quasi-Newton methods). Other algorithms of this class do not make

approximate the Hessian matrix (e.g. the steepest descent method).

There exists a trade-off between the computational effort to execute a single step of

the algorithm and the total number of steps it takes to locate the maximum of the log-

likelihood. On the one hand, taking into account more information about the surface of

the log-likelihood function will generally lead to fewer iterations and faster convergence

than when that information is not used. On the other hand, extracting information about

the surface of the log-likelihood through the first- and second-order derivatives may be

computationally expensive, especially when many parameters are estimated. A balance

should be achieved between computational and algorithmic speed. The point of

equilibrium depends on many factors such as the type of the model and the number of

parameters.

Currently there are three popular software packages that aim at a direct maximization

of the marginal GLMM likelihood: PROC NLMIXED (SAS Institute, 1999), GLLAMM (Rabe-

Hesketh et al., 2001), MIXOR (Hedeker & Gibbons, 1996) and MIXNO (Hedeker, 1999).

With PROC NLMIXED and GLLAMM, one can choose between a non-adaptive and an

adaptive Gaussian quadrature. Moreover, in PROC NLMIXED both deterministic and

Monte Carlo procedures are available (GLLAMM has only the deterministic methods).

MIXOR and MIXNO use a non-adaptive Gaussian quadrature and the optimization is

carried out through the Fisher scoring algorithm.

3.1.2. Indirect maximization
The major indirect maximization algorithm used in quantitative research is the
expectation–maximization (EM) algorithm (Dempster, Laird, & Rubin, 1977).3 In this

approach, the random effects from the N clusters u ¼ ðu1; : : : ; uNÞ are collectively

considered as missing data and, together with the observed data y ¼ ðy1; : : : ;yNÞ, they

form the complete data. If the random effects were known, one could construct

the complete-data log-likelihood, lC(b, �jy, u), that is, the joint log-likelihood of the

observed and missing data, given the parameter estimates. This is not possible because

the random effects u are not known. But one can compute the expected value of

the complete log-likelihood given the current estimates of the fixed effects b̂ðcÞ, the
variances and covariances �̂ðcÞ and the observed data y. This function, denoted as

Qðb;�jb̂ðcÞ; �̂ðcÞÞ, is defined as follows:

3 Strictly speaking, the EM algorithm is an optimization tool and not a method for numerical integration. However, we discuss it
here because it may lead to a major simplification of the estimation process.
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Qðb;�jb̂ðcÞ; �̂ðcÞÞ ¼ EðlCðb;�jy; uÞÞ

¼ E log
YN
n¼1

ð f ðynjb; unÞfðunj0;�ÞÞ
 !

¼
XN
n¼1

Eðlog ðf ðynjb; unÞfðunj0;�ÞÞÞ

¼
XN
n¼1

ð
{log ð f ðynjb; unÞÞ

þ ðfðunj0;�ÞÞ}qðunjb̂ðcÞ; �̂ðcÞ;yÞdun;

« ð16Þ

where qðunjb̂ðcÞ; �̂ðcÞ;yÞ is the conditional density of the random effects given the

observed data and current estimates of the fixed parameters and variance components

derived using Bayes’ theorem:

qðunjb̂ðcÞ; �̂ðcÞ;yÞ ¼ f ðynjb̂ðcÞ; unÞfðunj0; �̂ðcÞÞÐ
f ðynjb̂ðcÞ; unÞfðunj0; �̂ðcÞÞ

: ð17Þ

The denominator in (17) does not depend on the parameters b and �, nor on un and

therefore it plays no further role.

Once the expected complete-data log-likelihood Qðb;�jb̂ðcÞ; �̂ðcÞÞ for iteration c is

computed, it is maximized as a function of b and �. This results in parameter estimates

in iteration c þ 1 that will be used to compute the updated value of

Qðb;�jb̂ðcþ1Þ; �̂ðcþ1ÞÞ. Cycling between the E-step (computing the expected

complete-data log-likelihood given the observed data and the current estimates) and

the M-step (optimizing the function calculated in the E-step) continues until

convergence (the observed-data log-likelihood value does not increase by more than a

very small amount, or the parameters do not change by more than a small amount).

Unfortunately, the intractable integral encountered before remains present

(see equation (16)) and therefore we have to approximate it. The most common

choices in this context are a GH quadrature or a Monte Carlo approximation (leading to

the MCEM algorithm: see Booth & Hobert, 1999; McCulloch & Searle, 2001).
The EM algorithm has three advantages. First, the marginal log-likelihood (the log of

equation (7)) increases at every iteration of the EM algorithm, although the algorithm

does not directly maximize it (Lange, 2004; McLachlan & Krishnan, 1997). This is called

the ascent property of the EM algorithm, and it renders the algorithm its renowned

numerical stability. Maximizing the marginal likelihood directly with a technique such as

Newton–Raphson does not have this numerical stability because it may converge to a

minimum instead of a maximum, and if not combined with a line search procedure it

may undershoot the maximum (because the algorithm takes excessively large steps).

Second, the function Qðb;�jb̂ðcÞ; �̂ðcÞÞ can be written as the sum of a part pertaining to

the regression parameters and a part pertaining to the variance–covariance parameters.

This means that the estimation of both sets of parameters can be done separately in the

M-step, thereby reducing the dimensionality of the optimization problem somewhat

(this is also the case in a direct maximization approach with Fisher scoring; see Hedeker

& Gibbons, 1994). Third, the M-step in the EM algorithm is sometimes particularly
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simple to carry out and closed-form solutions are available for some of the parameters.

This is the case, for instance, for the variance components under a normal mixing

distribution. For other parameters, one has to rely in the M-step again on an iterative

optimization method such as Newton–Raphson.

A disadvantage of the EM algorithm is that the convergence is usually very slow,

especially in the neighbourhood of the maximum of the marginal likelihood. The rate of
convergence depends on the ratio of missing information to the complete information

(see Tanner, 1996). Thus, one expects that for the same data the convergence is slower

for multidimensional models than for unidimensional models. Different kinds of

modifications of the original EM algorithm have been presented to accelerate

convergence or to facilitate the computation of the maximization step; we will not

discuss those extensions here, but instead refer the interested reader to McLachlan and

Krishnan (1997), Meng and van Dyk (1997, 1998) and Tanner (1996).

As noted by Bock and Aitkin (1981), in the context of IRT models with only indicator
predictors coding for the different measurements (i.e. items in the context of

IRT models), the application of the EM algorithm has a major advantage. In that specific

case, the vector with item parameters b can be subdivided into I disjoint subsets of

parameters, b1, : : : , bI, each pertaining to a single measurement (or item). Given the

random effects, there is independence between the items, and consequently the

expected log-likelihood can be expressed as a sum of independent terms, one for each

item, that can be maximized separately. Hence, data sets with a large number of

measurements per cluster (50 or more) and a separate parameter for each measurement
can be analysed easily. It would be a much more difficult task to optimize directly a 50-

dimensional log-likelihood with the standard methods.

Software. The EM algorithm for estimating IRT-type GLMMs is implemented in IRT

software packages such as MULTILOG (Thissen, 1991) and CONQUEST (Wu, Adams, &

Wilson, 2005).

3.2. Approximation to the integrand
Instead of numerically approximating the integral, the integrand itself may be

approximated. The goal is then to find an approximation that leads to a tractable
integral, so that the closed-form expression that follows from it can be maximized. In this

section, we will discuss two classes of such techniques. We start with the Laplace

approximation and a related extension. Then, we present some popular methods that

are known as quasi-likelihood methods.

3.2.1. Laplace’s method
Laplace’s method (Tierny & Kadane, 1986) is used for approximating an integral of the

form
R
e
l(t)
dt, where it is assumed that l(t) is a smooth, bounded and unimodal function

(t is a Q-dimensional variable). The basic idea is to approximate l(t) by a quadratic Taylor
series expansion about the maximum t̂ of l(t):

lðtÞ < lðt̂Þ þ ›lðtÞ
›t

T
�����
t¼t̂

ðt̂2 t̂Þ þ 1

2
ðt2 t̂ÞT l00ðt̂Þðt2 t̂Þ; ð18Þ

where l00ðt̂Þ is the Hessian matrix evaluated at the maximum:
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l00ðt̂Þ ¼ ›2lðtÞ
›t›tT

����
t¼t̂

:

The second term in equation (18) cancels because at the maximum of l(t), the first

derivative is zero. Replacing l(t) by the truncated Taylor series yields:ð
e lðtÞdt <

ð
e lðt̂Þþ

1
2ðt2t̂ÞT l00ðt̂Þðt2t̂Þdt ¼ e lðt̂Þ

ð
e2

1
2ðt2t̂ÞT ð2l00ðt̂ÞÞðt2t̂Þdt:

In the function after the integral sign in the right-hand expression, the kernel of a

multivariate normal density with mean vector t̂ and inverse covariance matrix 2l00ðt̂Þ
can be recognized. This integral is equal to ð2pÞQ=2j2 l00ðt̂Þj21=2; and so the Laplace

approximation to the integral is:ð
e lðtÞdt < ð2pÞQ=2j2 l00ðt̂ Þj21=2

e lðt̂Þ:

Let us now turn to the contribution of cluster n to the likelihood, Ln(b, �jyn).

Laplace’s approximation can be used after expressing the integral as:ð
f ðynjb; unÞfðunj0;�Þdun ¼

ð
aðunjyn;b;�Þdun ¼

ð
e log ðaðunjyn;b;�ÞÞdun:

We approximate log(a(unjyn, b, �)) with a quadratic Taylor series about its mode. The

mode is found by solving the equation:

› logaðunjyn;b;�Þ
›un

¼ 0:

The expansion about the mode then becomes:

logaðunjyn;b;�Þ < log ðf ðynjb; ûnÞfðûnj0;�ÞÞ þ 1
2
ðun 2 ûnÞT Ĥnðun 2 ûnÞ

¼ log ðf ðynjb; ûnÞfðûnj0;�ÞÞ2 1
2
ðun 2 ûnÞT V̂

21

n ðun 2 ûnÞ;
ð19Þ

where Ĥn is the Hessian matrix of log(a(unjyn, b, �)) evaluated at the mode ûn
and V̂n ¼ ð2ĤnÞ21

is the asymptotic covariance matrix. The Laplace method yields

Lnðb;�jynÞ < ð2pÞQ=2j V̂nj1=2
f ðynjb; ûnÞfðûnj0;�Þ: ð20Þ

Laplace’s method is precise when f(ynjb, un)f(unj0, �) is exactly equal to the kernel

of a normal distribution. That will be the case if the unnormalized posterior distribution

of the random effects a(unjyn, b, �) is proportional to a normal density (e.g. as in the

linear mixed models). For other types of models, the posterior distribution of un is only

asymptotically normal (Gelman, Carlin, Stern, & Rubin, 2003). Consequently, a

quadratic approximation of the log of the integrand at its mode will work well for non-

normal data provided that the cluster size is large enough. Stated more precisely, the
leading error term of the Laplace approximation is of order O(I 21). Note that the

asymptotics refer here to the cluster size, I, and not to the number of clusters, N.

This all looks straightforward, but in the application of Laplace’s method to

Ln(b, �jyn) we ignored the fact that both the maximum ûn and the observed information

matrix V̂n evaluated at the maximum depend on the (unknown) fixed effects
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parameters b and variance components �; thus ûn ¼ ûnðb;�Þ and V̂n ¼ V̂nðb;�Þ
(see also the discussion on the AGH quadrature in section 3.1.1). There are two

solutions to this problem.

The first solution is to take the dependency of ûnðb;�Þ and V̂nðb;�Þ (or only of

ûnðb;�Þ) on the unknown common parameters explicitly into account and find at the

same time the posterior mode and the values that maximize the Laplace approximation.

The second solution circumvents the problem of the dependence of the random effects

on the unknown fixed effects parameters and variance components, by using the current

estimates of the fixed effects parameters, b̂ðcÞ, and variance components, �̂ðcÞ, as in AGH

quadrature. The relation between this form of the Laplace method and the AGH quadrature

is even more fundamental. The AGH quadrature from equation (12) simplifies to the

Laplace approximation described here if only one quadrature point is used (m ¼ 1: Liu &

Pierce, 1994; Pinheiro & Bates, 1995). This can be seen as follows: with a single node,

dh1; : : : ;hQ
is a vector of zeros and all weights wh1

; : : : ;whQ
are equal to one; substituting

these values into equation (12) gives the Laplace approximation of equation (20).
In the Laplace method, the log of the integrand is expanded as a quadratic Taylor series

about its mode. This suggests that we may increase its accuracy by also including higher-

order terms in the Taylor series. Raudenbush, Yang, and Yosef (2000; but see also Breslow

& Lin, 1995) proposed to use a sixth-order approximation (called ‘Laplace6’). Let us

denote such higher-order terms in a Taylor expansion up to order k as T3, : : : , Tk.

Equation (19) now has to be completed with terms T3, : : : , Tk to obtain the kth-order

approximation:

log ðf ðynjb; unÞfðunj0;�ÞÞ

< log ðf ðynjb; ûnÞfðûnj0;�ÞÞ2 1
2
ðun 2 ûnÞT V̂

21

n ðun 2 ûnÞ þ T 3 þ : : :þ Tk:
ð21Þ

After exponentiating and integrating over un, we can extract the first term, which is a

constant, outside the integral:

f ðynjb; ûnÞfðûnj0;�Þ
ð

exp 21=2ðun 2 ûnÞT V̂
21

n ðun 2 ûnÞ þ T 3 þ : : :þ Tk

	 

dun

¼ f ðynjb; ûnÞfðûnj0;�Þ
ð

exp ðT 3 þ : : :þ TkÞ

exp 21=2ðun 2 ûnÞT V̂
21

n ðun 2 ûnÞ
	 


dun

¼ ð2pÞQ=2j V̂nj1=2
f ðynjb; ûnÞfðûnj0;�ÞEðexp ðT 3 þ : : :þ TkÞÞ

¼ ð2pÞQ=2j V̂nj1=2
f ðynjb; ûnÞfðûnj0;�Þ

1 þ EðT 3 þ : : :þ TkÞ þ
1

2!
EððT 3 þ : : :þ TkÞ2Þ þ : : :

� �
;

in the last equality, we used the series expansion for ex ¼
P1

k¼0
x k

k!
.

Raudenbush et al. (2000) show that the expectations of odd terms and cross-products

with one even and one odd term are equal to zero. Intuitively this makes sense, as can be

illustrated easily for the unidimensional case. If there is only a single random effect, all
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terms in the Taylor expansion are of the form ðun 2 ûnÞp. The expectation of such an

odd term with respect to the normal distribution fðunjûn; ŝ2Þ indeed vanishes. For all

even terms and cross-products, Raudenbush et al. (2000) derive simplified expressions.

The terms that contribute most to improving the accuracy of approximation are T4,

T 2
3=2, T6, T3T5/2 and T 2

4=2, but Raudenbush et al. (2000) include terms up to the sixth

order (i.e. T4, T 2
3=2 and T6), leading to an approximation error of order O(I 22). Higher-

order approximations, while possible, result only in a slight additional improvement.

Raudenbush et al. (2000) maximize the sixth-order Laplace approximation by an

approximate Fisher scoring algorithm that avoids the computation of second

derivatives. They solve the issue of the dependence of the mode ûn and curvature

V̂n on the unknown fixed effects parameters and variance components using implicit

differentiation. In an example and a simulation study, Raudenbush et al. (2000) found

that the performance of the ‘Laplace6’ method is comparable with a regular Gaussian

quadrature with at least 20 nodes and an adaptive Gaussian quadrature with 7 nodes.

The method clearly outperforms PQL, another integrand approximation method, to be

discussed next.

3.2.2. Quasi-likelihood approaches
Estimation methods for linear mixed models are well established and this motivates

approximations of the GLMM by a linear mixed model, so that the estimation methods

for the latter class of models can be applied. Two such approaches are the penalized

quasi-likelihood (PQL: Breslow & Clayton, 1993; Schall, 1991; Stiratelli, Laird, & Ware,

1984) and marginal quasi-likelihood (MQL: Goldstein, 1991) and their extensions

(MQL2, PQL2 and corrected PQL).
The names PQL and MQL were introduced by Breslow and Clayton (1993). The

reason for baptizing these methods as quasi-likelihood is that they require only the

specification of the mean and variance for the observations and there is no need to spell

out explicitly the distribution of the data. In a GLM framework, the same terminology is

used for fitting models in which only means and variances are specified. The adjectives

penalized and marginal will be clarified after the presentation of the methods.
Although PQL and MQL are classified as methods that approximate the integrand, we

will explain them primarily as approximations to the data themselves because of

conceptual simplicity. After this discussion, we present briefly how the same method

can be derived directly from an approximation to the integrand.

To explain the linearized approximation methods, we start by decomposing the

observations into their mean and an error term, conditional upon the random effect:

yni ¼ mni þ 1ni ¼ hðxT
nibþ zTniunÞ þ 1ni; ð22Þ

where h(·) denotes the response function (i.e. the inverse of the link function).

To illustrate equation (22), an observation yni in a mixed logistic regression model

has mean

mni ¼ hðxT
nibþ zTniunÞ ¼ Pr ðyni ¼ 1Þ ¼ pni ¼

exp ðxT
nibþ zTniunÞ

1 þ exp ðxT
nibþ zTniunÞ

(see equations (4) and (5)). The error term then equals 2pni with probability 12pni (for

the observation yni ¼ 0) and 1 2 pni with probability pni (for the observation yni ¼ 1).

The error has expectation zero and variance pnið1 2 pniÞ ¼ mnið1 2 mniÞ ¼ vðmniÞ.
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PQL starts with a linear Taylor approximation of the response function about the

current estimate of the fixed effect, b̂, and about the posterior mode of the random

effect. The mean evaluated at b̂ and ûn is denoted as mni*. The approximate variance of

the error term is denoted as v(mni); it is only approximate because the true variance

depends on the unknown b and un. The observation yni can now be written as:

yni < hðxT
nib̂þ zTniûnÞ þ h0ðxT

nib̂þ zTniûnÞxT
niðb2 b̂Þ

þ h0ðxT
nib̂þ zTniûnÞzTniðun 2 ûnÞ þ 1ni

¼ mni� þ vðmni�ÞxT
niðb2 b̂Þ þ vðmni�ÞzTniðun 2 ûnÞ þ 1ni:

ð23Þ

We can stack all observations yni and errors 1ni in the column vectors y and 1,

respectively, and the design vectors xT
ni and zTni likewise in the respective design matrices

X andZ. The meansmni* are collected in a vectormVand the approximate variances v(mni*)

in a diagonal matrix V. Equation (23) can now be written for all observations as follows:

y < m� þ V�Xðb2 b̂Þ þ V�Zðun 2 ûnÞ þ 1:

Reorganizing this equation by bringing m* to the left-hand side, pre-multiplying by V21
�

and then also bringing X b̂ and X ûn to the left-hand side yields:

y� ; V21
� ðy 2 m� Þ þ Xb̂þ Zûn < Xbþ Zun þ V21

� 1: ð24Þ

The error term V21
� 1 on the right-hand side will be denoted as 1*. The marginal mean of

y* equals Xb. To derive the marginal variance–covariance matrix, we first find the

variance of 1*:

Var ð1�Þ ¼ Var ðV21
� 1Þ ¼ V21

� Var ð1ÞV21
� < V21

� :

Consequently, the variance of y* is approximately:

Var ðy�Þ < Var ðXbþ Zun þ 1�Þ < ZVar ðunÞZT þ V21
�

¼ Z�ZT þ V21
� :

ð25Þ

In the GLM literature, the vector y* is also called the adjusted dependent variable

(McCullagh & Nelder, 1989). The same result follows by defining the adjusted

dependent variable directly; it is a linearized version of the link function g(·) applied to

the data: yni� ; gðm� Þ þ g0ðm� Þðmni 2 m� Þ:
Equations (24) and (25) appear also in the context of linear mixed models with y* as

the data vector, Xb as the mean vector and Z�ZT þ V21
� as the marginal variance–

covariance matrix. Therefore, to estimate b and �, we may apply an estimation

procedure for a linear mixed model.4 Once the estimates are updated, linearization is

applied again (see equation (23)), leading to a further update of the adjusted dependent

variable y�. The algorithm cycles between these two steps until convergence.

The MQL method is very similar to the PQL approach. It starts with a linear Taylor

approximation of the mean, but the expansion is now about the current estimates for b

4 Note that the variance components in a linear mixed model are often estimated using restricted maximum likelihood
(McCulloch & Searle, 2001; Verbeke & Molenberghs, 2000).
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and the zero vector for the random effects (their population mean):

yni < hðxT
nib̂Þ þ h0ðxT

nib̂ÞxT
niðb2 b̂Þ þ h0ðxT

nib̂ÞzTniun þ 1ni

¼ mni0 þ vðmni0ÞxT
niðb2 b̂Þ þ vðmni0ÞzTniun þ 1ni;

ð26Þ

where mni0 stands for the mean evaluated at b ¼ b̂ and un ¼ 0 and v(mni0) for the

approximate variance of the error. We now form the vector y and the matrices X and Z
by analogy with the definitions for the PQL method and the mean vector m0 and diagonal

variance matrix V0. This implies the approximation:

V21
0 ðy 2 m0Þ þ Xb̂ < Xbþ Zun þ V21

0 1: ð27Þ

The left-hand side, denoted by y0, is the adjusted dependent variable. Parameter

estimation can now proceed for MQL in the same way as for PQL, cycling between a

linear mixed model estimation step and an adjusted dependent variable updating step

until convergence. The method is somewhat confusingly called marginal because the

linear approximation to the response function is carried out with all random effects set

equal to zero, un ¼ 0.

Justifying PQL and MQL by a linear approximation to the response function is simple

and leads to the revelation of the subtle but important differences between them.

However, the same result can be obtained by directly considering an approximation to

the integrand. For PQL, one has to start from the Laplace approximation method in

equation (20) and apply one more approximation. (For simplicity, let us assume here

that we are interested in the fixed effect parameters in the first place. The estimation of

the variance components needs to be done in a secondary second step at each iteration,

for example, using restricted maximum likelihood.) Although the variance–covariance

matrix V̂n ¼ V̂nðbÞ depends on the unknown fixed effects parameters, we assume that

V̂n is almost constant with respect to the fixed effects parameters (i.e. slow varying),

and therefore that it can be ignored in the optimization of the Laplace approximation.

Next, we may opt for the first solution outlined in Section 3.2.1 on the Laplace

approximation. By ignoring the dependence of V̂n on the fixed effects parameters,

finding the random effects posterior modes and the fixed effects parameter estimates

jointly, reduces to maximizing:

XN
n¼1

log ð f ðynjb; unÞÞ2
1

2
uTn�

21un

� �
; ð28Þ

with respect to b and un. This result can be obtained starting from equation (20),

ignoring V̂n and all terms not dependent upon b and un. In equation (28), the term
1
2
uTn�

21un acts as a penalty to the quasi-likelihood (which is the first term) for the

estimation of the random effects (the random effects are not allowed to deviate too

much from the zero vector) and hence the method’s name – penalized quasi-likelihood.

MQL can be justified similarly, based not on the Laplace approximation but on a

quadratic expansion of log ðf ðynjb; ûnÞÞ about un ¼ 0. This method was proposed by

Longford (1994) and Rodriguez and Goldman (1995) show that it leads to the same

approximation as in equation (27).

Following the development of PQL and MQL, some attempts have been made to

improve both methods. This resulted in PQL2, MQL2 and corrected PQL. Both PQL2 and

MQL2 make use of second-order Taylor expansions, so that the terms pertaining to the
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random effects appearing in the approximation are:

TPQL2 ¼ h0ðxT
nib0 þ zTniûnÞzTniðun 2 ûnÞ

þ 1

2
ðun 2 ûnÞTznih00ðxT

nib0 þ zTniûnÞzTniðun 2 ûnÞ

TMQL2 ¼ h0ðxT
nib0ÞzTniun þ

1

2
uTnznih

00ðxT
nib0ÞzTniun:

ð29Þ

For PQL2, the last term in TPQL2 is replaced by its expected value (see Goldstein &

Rasbash, 1996). For MQL2, the quadratic term is considered to be another set of

random effects, with mean and variances calculated from the current estimates of the

random effects variances (see Rodriguez & Goldman, 1995). Then, one cycles between

an algorithm for linear mixed models to obtain estimates of the fixed effects and

variance components and updating the adjusted dependent variable until convergence.
Breslow and Lin (1995) and Lin and Breslow (1996) present other bias correction

methods for PQL.

Because both PQL and MQL are based on approximations for which the accuracy is

difficult to assess, it comes as no surprise that these methods do not work very well in

some cases. We will discuss briefly in what situations the methods fail and why. Both for

PQL and MQL, the original data are transformed linearly and then regarded as normally

distributed, so that a linear mixed model estimation routine can be applied. Because the

performance of the two methods depends on the validity of the normal approximation,

they tend to perform poorly when the original data are far from normal, as is the case

with binary data, for instance. This has been confirmed in a simulation study by Breslow

and Clayton (1993) for PQL and MQL and by Rodriguez and Goldman (1995) for MQL.

The fixed effects and/or variance component estimates are biased towards zero.

Furthermore, Breslow and Lin (1995) demonstrate that the PQL estimates for the

regression coefficients also have an appreciable downward asymptotic bias (and hence

are inconsistent).

Comparing different quasi-likelihood methods, Rodriguez and Goldman (1995) show

that MQL2 performs only slightly better than MQL in terms of bias, but Goldstein and

Rasbash (1996) demonstrate that PQL2 leads to a substantial improvement over PQL. In

a recent simulation study by Browne and Draper (2004), it appears that PQL2 leads to

much better results than MQL (the authors did not use PQL).

Normality of the transformed data in the quasi-likelihood methods also depends on

the number of elementary units in a cluster. In a linear mixed model, the individual

approximated observations affect the fixed effects parameter estimates through their

sufficient statistics, which are linear combinations of the approximated data. Since

linear combinations of normal random variables are also normally distributed, PQL and

MQL are expected to perform less well if the number of observations per cluster is small.

(For the PQL method, this hypothesis can also be derived starting from the Laplace

approximation to the log-likelihood. As stated before, the order of the leading error term

in the approximation is O(I 21), showing that for small I the approximation will be

worse. Thus, if the posterior distribution of random effects can be approximated by a

normal density, PQL will work fine.) Thus, while the regular GH quadrature tends to

work less well for large cluster sizes, the opposite holds for PQL and MQL.

Moreover, MQL uses a linear Taylor approximation around the current fixed effects

and zeros for all random effects, and therefore we expect this method to work not as
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well for data with large random effects variances. This is also confirmed by the

simulation study of Rodriguez and Goldman (1995).

Finally, we note that the deviance measure produced by using PQL or MQL methods

cannot be used in subsequent model testing. Making only assumptions about the first

and second moment of the data (mean and variance) is acceptable for the estimation of

the parameters. However, for testing the adequacy of the model, reference distributions
for the test statistics have to be derived and the distribution of the data has to be

specified.

Software The MQL and PQL methods are implemented in MLwiN (Rasbash, Steele,

Browne, & Prosser, 2005) to fit GLMMs for binary data (currently it is not possible to fit

models for polytomous data). Besides the first-order versions of PQL and MQL, PQL2 and

MQL2 are also implemented. The PQL method is the standard tool for fitting models in HLM
5 (Raudenbush, Bryk, & Congdon, 2001), although binary response models can be

estimated with the Laplace6 method too. Besides MLwiN, the SAS macro GLMMIX

(Wolfinger, 1993), programmed to estimate GLMMs, uses a variant of the PQL method.

Because the adaptive Gaussian quadrature with a single node reduces to a Laplace

approximation, the PROC NLMIXED procedure of SAS (SAS Institute, 1999) can be used as a

Laplace approximation by restricting the adaptive quadrature to have a single node only.

4. Testing: Hypothesis testing and goodness of fit

In hypothesis testing, one assesses whether one or more functions of the parameters are

equal to some constant value(s). Typically, and the only case considered here, a linear

hypothesis is tested, with as an important special case the assumption that one or more

parameters are equal to zero. The model restricted according to the hypothesis is the

restricted or null model, and the more general model to which the restriction(s) of the

null hypothesis does not apply is the unrestricted or alternative model.

In goodness-of-fit testing, the model to be evaluated with respect to its fit to the data

is the restricted model, and the unrestricted model is the so-called saturated model. The
latter is the most general model, with the maximum likelihood achievable. Hypothesis

testing and testing for the goodness of fit are also referred to in the literature as relative

and absolute model testing, respectively.

As was pointed out by an anonymous reviewer, there is some logical inconsistency in

the way model selection is commonly carried out in that failure to reject a hypothesis

(the restricted model is true) is regarded as evidence in favour of the hypothesis.

Furthermore, one should keep in mind that usually many candidate models are assessed

which may lead to considerable discrepancies between ‘true’ and ‘observed’ p-values
(Draper, 1995).

4.1. Testing of linear hypotheses
We distinguish between testing linear hypotheses with respect to the fixed effects, and

testing hypotheses with respect to the variance–covariance structure of the random

effects or the variance components (testing for the need for random effects).

4.1.1. Fixed effects
In testing the set of s linear hypotheses

H0 : Cb ¼ j against H1 : Cb – j;
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where the matrix of coefficients C has full row rank S # P, one can rely on three types of

tests: a likelihood-ratio (LR) test, a Wald test and a score test (Fahrmeir & Tutz, 2001).

Under the restricted model, the three tests are asymptotically chi-squared distributed

with s degrees of freedom.

As a simple case, consider a logistic regression model with a random intercept.

Assume bj is the regression coefficient of the jth predictor and suppose we want to test

the hypothesis H0 : bj ¼ 0. In this case, C is a row vector with all zeros except for the jth

entry, which is equal to one.
The LR statistic contrasts the log-likelihood lð ~b; ~�jyÞ of the MLE ~b obtained under

the restricted model with the log-likelihood of the MLE lðb̂; �̂jyÞ obtained under the

unrestricted model:

LR ¼ 22½lð ~b; ~�jyÞ2 lðb̂; �̂jyÞ�:

The Wald statistic,

w ¼ ½Cb̂2 j�T ½CF21

b̂
CT �21½Cb̂2 j�;

is the weighted distance between the MLE of Cb under the unrestricted model, Cb̂, and

its hypothetical value under the null model, j. The weight ½CF21

b̂
CT �21

is the inverse of

the asymptotic covariance matrix of Cb̂. The matrix Fb̂ can be either the observed or

the expected information matrix, evaluated at b̂:

Fb̂ ¼ 2
›2lðb; �̂jyÞ
›b›bT

����
b¼b̂

or Fb̂ ¼ E 2
›2lðb; �̂jyÞ
›b›bT

����
b¼b̂

 !
:

Finally, the score statistic (also called the Lagrange multiplier Test) is defined as:

u ¼ sð ~bÞTF21
~b
sð ~bÞ;

where sð ~bÞ is the score function under the restricted model defined as the first

derivative of the log-likelihood evaluated at the MLE ~b:

sð ~bÞ ¼ ›lðb; ~�jyÞ
›b

����
b¼b̂

:

The matrix F ~b is the expected or observed information matrix, but now evaluated at the
MLE ~b under the restricted model. The score statistic is the weighted distance between

sð ~bÞ and sð ~bÞ ¼ 0.

The Wald and score tests are both based on a quadratic approximation to the log-

likelihood function by a second-order Taylor expansion and thus are approximations to

the LR statistic. Hence, the p-values obtained for the LR test are more exact than the

p-values obtained for the Wald and score tests. However, the disadvantage of the LR test

is that both the restricted and the unrestricted model have to be fitted, whereas for the

Wald test and the score test only the unrestricted or restricted MLE is needed,

respectively. Hence, in a forward predictor selection procedure, one can rely on the

score test but not on the Wald test, and vice versa in a backward selection procedure.

With increasing sample size, the log-likelihood becomes approximately quadratic, so

that all three tests are asymptotically equivalent.

In Figure 3, the three tests are graphically illustrated for testing a hypothesis about a

single regression parameter b ¼ j and with known � (hence, reference to random
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effects variances and covariances is dropped from the log-likelihood). The LR test is

twice the distance between lðb̂jyÞ and lð ~b ¼ jjyÞ. The Wald test is the distance between

the quadratic approximations of lðb̂jyÞ and lð ~b ¼ jjyÞ. The score test is based on the

slope of the log-likelihood of the unrestricted model at j.

4.1.2. Covariance structure of the random effects
Testing whether a random effect for a particular covariate should be or should not be

included in the model corresponds to testing the hypothesis that the variance of the

population distribution is zero. Suppose we want to test a hypothesis about the single

variance parameter s2 for a GLMM with a single random effect. Because variances

cannot be negative, zero is at the boundary of the parameter space, and one actually
tests a one-sided hypothesis (Verbeke & Molenberghs, 2003):

H0 : s2 ¼ 0 against H1 : s2 . 0:

The consequence is that the asymptotic distribution of the LR, Wald and score tests

differs from chi-squared.

For the linear mixed model, Stram and Lee (1994, 1995) investigated testing for

random effects using results of Self and Liang (1987). Stram and Lee showed that the

appropriate asymptotic distribution under the restricted model is often a mixture of chi-

squared distributions. For example, when there are no random effects in the restricted

model, and a single random effect in the full model, the asymptotic distribution of the LR
test is a mixture of a chi-squared distribution with, respectively zero and one degree of

freedom, both with weight of 1/2 (the chi-squared distribution with zero degrees of

freedom is a distribution with point mass one at zero). Hence, the appropriate p-value is

obtained by halving the ‘classical’ p-value that is obtained when testing a hypothesis for

a single parameter. When the restricted model contains q random effects, and the

alternative model q þ 1, the asymptotic distribution of the LR statistic under the

restricted model is a mixture with equal component weights of 1/2 of chi-squared

distributions with q and q þ 1 degrees of freedom. For the general case of testing q

Figure 3. The log-likelihood l(dj), the quadratic approximation to the log-likelihood in d̂j; QAðd̂jÞ and

the slope of the log-likelihood at 1j.
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random effects against q þ k random effects, the mixture involves components other

than random variables with a chi-squared distribution, and one has to rely on simulation

methods to approximate the distribution of the LR statistic under the restricted model.

Under regularity conditions, these results carry over to the generalized linear and non-

linear mixed model (Wolak, 1989, 1991).

Since the asymptotic equivalence of the score and the LR tests also holds when
testing for one-sided hypotheses (or a combination of one- and two-sided hypotheses:

Silvapulle & Silvapulle, 1995; Verbeke & Molenberghs, 2003), the same results apply to

the score test. For discussions of the score test applied to testing random effects

variances, see Berkhof and Snijders (2001), Hall and Præstgaard (2001) and Lin (1997).

4.2. Goodness-of-fit tests
The global goodness of fit of a particular model can be assessed by a likelihood ratio test

for which the alternative model is saturated; that is, the most complex model that is

identified by the data. In the saturated model, E(ynijb, un) ¼ yni for all n and i.

For categorical dependent variables, another frequently used goodness-of-fit statistic
is the Pearson statistic:

x2 ¼
XG
g¼1

ng

XJ
j¼0

ðygj 2 p̂gjÞ2

p̂gj

;

where ng is the number of participants with the same values on the covariates, and ygj
and p̂gj are respectively the observed and expected proportions of the participants in

group g responding in category j. Note that for repeated measurement data, each

possible response pattern serves as a distinct category of a multinomial distribution.

The LR test statistic with the saturated model as the alternative and the Pearson

statistic are asymptotically equivalent and asymptotically chi-squared distributed. The

number of degrees of freedom equals the difference between the numbers of estimated

parameters in the saturated and the tested model.
The first problematic aspect of both test statistics is that the asymptotic results are

obtained under the assumption that the number of groups, G, is fixed with increasing

sample size. The latter assumption does not hold when some covariates are continuous.

Second, when a categorical dependent variable is measured on several occasions, the

number of possible response patterns increases exponentially, so that the sample is

always too small to warrant relying on the asymptotic results. For example, with 10

dichotomous responses, the number of possible response patterns J already equals

210 ¼ 1,024.
A solution to both problems is to simulate the distribution of the test statistic under

the restricted model, either by using bootstrap techniques in a maximum likelihood

framework (Efron & Tibshirani, 1993).

Instead of testing the global goodness of fit, one can test for specific aspects of the

model. The underlying idea is that a model is never true, but acceptable when it

succeeds in explaining the aspects of the data that are most relevant. The latter can be

achieved by computing statistics that are sensitive to the aspects of interest only. For

example, in the context of IRT, Glas and Verhelst (1988) constructed a family of statistics
that are based on the Pearson statistic to test for specific model assumptions. The

proposed statistics asymptotically follow a chi-squared distribution under the restricted

model, with the appropriate number of degrees of freedom. Alternatively, one can

simulate the distribution of the statistics under the restricted model.
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5. Alternative modelling approaches

Besides the GLMM approach to clustered data as presented here, there are alternative

modelling approaches not discussed in this paper. Three possibilities will be briefly
highlighted in this section.

First, the central class of models in this paper was the GLMMs class. However, many

models do not belong to this class. For instance, the common two-parameter logistic

item response model (Birnbaum, 1968) is not a GLMM because some of the parameters

appear in a multiplicative relationship in the predictor. This broader class of models is

called non-linear mixedmodels (NLMMs) and the GLMMs are a subset of theirs. Some of

the methods discussed extend or can be adapted to NLMMs. For instance, non-adaptive

and adaptive Gaussian quadrature can be used to estimate the parameters of an NLMM.

Wolfinger and Lin (1997) have shown that the integrand approximation methods PQL

and MQL can be transferred to NLMMs for which the observed data, conditionally on the

random effects, have a normal distribution. But it is not clear whether these methods

also work for the general class of NLMMs.
Another related class of models we did not discuss in this paper are structural equation

models (Muthén & Muthén, 2004; Skrondal & Rabe-Hesketh, 2004). In the structural

equation modelling approach, models consist of two parts: a measurement part and a

structural part. The measurement part links the observed random variables with

predictors and the latent variables or random effects and is a model of the NLMM type. The

structural part describes the relations between the latent variables of the measurement

part and a (possibly different) set of predictors. It offers the user a very general modelling

framework that allows the construction of a broad spectrum of models. As for the NLMMs,

some of the approaches discussed in this paper generalize to the structural equation model

framework, but some are more specific to GLMMs (such as PQL and MQL).

Second, the main focus in this paper was on methods within the classical statistical

or frequentist approach. However, in a Bayesian framework, one could rely on

computer-intensive techniques, known as Markov chain Monte Carlo methods (Gelman

et al., 2003; Tanner, 1996), to sample from the posterior distribution of the parameters,

and hence facilitate the parameter estimation of complex statistical models tailored to

specific research questions. However, a full treatment of these methods would almost

require a separate paper. Moreover, the Markov chain Monte Carlo methods are not yet

implemented in the majority of the GLMM software packages.

Third, there are also methods that take into account the clustered structure of the data,

but without introducing cluster-specific effects. The best known of these marginal

methods is the generalized estimating equation (GEE) approach (Liang & Zeger, 1986; see

also Johnson & Kim, 2004). In the GEE method, a model is proposed for the expected

values of the measurements (the level 1 units; see equation (3)) and a working correlation

matrix that captures the dependencies among the measurements within a cluster. The

final estimates are found by solving the so-called generalized estimating equations.

Moreover, robust estimates of the standard errors of the regression parameters can be

found. The main advantage of the GEE approach is that it guarantees consistent estimates

for the regression parameters, even if the working correlation matrix is misspecified.

A disadvantage of the GEE is the fact that it is based on the specification of the first

and second moments. Therefore, there is no likelihood and thus no possibility of

assessing the fit of the model or doing model selection. Recently, however, there have

been various attempts to overcome the latter disadvantage (e.g. Hardin & Hilbe, 2003).

A more serious disadvantage for applications in psychology and other social sciences is
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that one is often interested in cluster-specific effects (e.g. when measuring persons) and

they are not available in the GEE method. Heagerty and Zeger (2000) propose a new

method that combines the advantages of a marginal model with the advantages of a

mixed model. However, this ‘marginalized multi-level’ is relatively complex and is not

yet implemented in standard software packages.
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