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a b s t r a c t

Factorial K-means analysis (FKM) and Reduced K-means analysis (RKM) are clustering
methods that aim at simultaneously achieving a clustering of the objects and a dimension
reduction of the variables. Because a comprehensive comparison between FKM and RKM
is lacking in the literature so far, a theoretical and simulation-based comparison between
FKM and RKM is provided. It is shown theoretically how FKM’s versus RKM’s performances
are affected by the presence of residuals within the clustering subspace and/or within
its orthocomplement in the observed data. The simulation study confirmed that for both
FKM and RKM, the cluster membership recovery generally deteriorates with increasing
amount of overlap between clusters. Furthermore, the conjectures were confirmed that
for FKM the subspace recovery deteriorates with increasing relative sizes of subspace
residuals compared to the complement residuals, and that the reverse holds for RKM. As
such, FKM and RKM complement each other. When the majority of the variables reflect
the clustering structure, and/or standardized variables are being analyzed, RKM can be
expected to perform reasonably well. However, because both RKM and FKM may suffer
from subspace andmembership recovery problems, it is essential to critically evaluate their
solutions on the basis of the content of the clustering problem at hand.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Cluster analysis aims at assigning a number of objects to a limited number of homogeneous classes. This is often done
on the basis of the objects’ scores on multiple variables. The inclusion of variables in a cluster analysis that hardly reflect, or
even do not reflect the clustering structure may hinder or even completely obscure the recovery of the underlying cluster
structure (e.g. Milligan, 1996). To deal with those problems, various approaches can be taken. Onemay use variable selection
(e.g. Steinley and Brusco, 2008) or variable weighting (e.g. Milligan and Cooper, 1988), implying that some variables are
discarded from the cluster analysis or are given less weight. An alternative is the subspace clustering approach, which rests
on the assumption that the cluster centroids are located in a subspace of the variables.
A relatively easy subspace clustering approach, which does not require distributional assumptions, uses component

analysis. The first attempt in this directionwas a two-step procedure, where a principal component analysiswas followed by
a cluster analysis. After various warnings against this so-called tandem clustering (e.g. Arabie and Hubert, 1994), De Soete
and Carroll (1994) proposed Reduced K-means analysis (RKM), which appeared to equal the earlier proposed Projection
Pursuit Clustering (Bock, 1987). RKM simultaneously searches for a clustering of the objects, based on the K-means criterion
(MacQueen, 1967), and a dimension reduction of the variables, based on component analysis. The notion that RKMmay fail
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to recover the clustering of the objects when the data contain much variance in directions orthogonal to the subspace of the
data in which the clusters reside, led to the proposal of Factorial K-means analysis (FKM Vichi and Kiers, 2001).
A comprehensive comparison between FKM and RKM is lacking, both theoretically and empirically. After all, the

simulation study that Vichi and Kiers (2001) conducted to support their claims about the superior performance of FKM
over RKM consisted of the analysis of a single simulated data set only. This means that it is unknownwhen RKM and/or FKM
would yield good insight into the cluster structure in empirical data, and hence when to use RKM or FKM. The purpose of
the present article is to clarify this issue, so that FKM and RKM can be sensibly used in practice. It will be shown that FKM
and RKM serve different goals. Therefore FKM and RKM complement each other: FKM is of use when RKM fails, and vice
versa.
The remainder of the paper is organized as follows. Section 2 recapitulates the RKM and FKMmodels. Section 3 provides

a theoretical comparison of the performance of RKM and FKM. Section 4 presents a simulation study to examine the
conjectures from Section 3, and to evaluate the performance of RKM and FKM in various conditions. The use of FKM and RKM
is illustrated with an empirical example in Section 5. The paper closes with a discussion of the reported findings (Section 6).

2. Factorial and reduced K-means

2.1. Notation

The following notation is adopted in this paper:

I Number of objects, indexed i = 1, . . . , I .
J Number of variables, indexed j = 1, . . . , J .
C Number of clusters, indexed c = 1, . . . , C .
Q Number of components to which the variables are reduced, indexed q = 1, . . . ,Q .
X An I × J matrix containing the observed scores of I objects on J variables. Variables are

supposed to be centered. In the case they have different units of measurements they are
commonly standardized, i.e., so that they have a mean of zero and unit variances.

U A binary I × C membership matrix, which specifies to which cluster each object belongs,
i.e., uic = 1 if object i belongs to cluster c , and uic = 0 otherwise;

∑C
c=1 uic = 1.

F C × Q centroid matrix, where fcq is the centroid score of cluster c on component q.
A J × Q columnwise orthonormal loading matrix; i.e., A′A = IQ .
A⊥ J × (J − Q ) columnwise orthonormal matrix for which it holds that A′A⊥ = 0.
EA′ I × Q subspace residual matrix.
E⊥A⊥′ I × (J − Q ) complement residual matrix.
T Q × Q orthonormal rotation matrix.
0I×J I × J matrix consisting of zeros.
IJ J × J identity matrix.
diag(c) Diagonal matrix with diagonal elements equal to the elements of vector c.

2.2. Loss functions and decomposition rules

Both FKM and RKM aim at simultaneously finding an optimal partitioning of the objects and an optimal reduction of the
variables. As such, FKMaswell as RKMdecompose the datamatrixX into amembershipmatrixU, a columnwise orthonormal
loading matrix A that reveals the extent to which the variables express the clustering structure, and a centroid matrix F that
contains the scores of the cluster centroids on the Q components. To illustrate the interpretation of thesematrices, wemake
use of the following artificial example, with I = 4, J = 5, C = 2, and Q = 2:

U =

1 0
1 0
0 1
0 1

 F =
[
1.2 1.3
−0.1 0.2

]
A =


0.7 0.0
0.7 0.0
0.0 0.7
0.0 0.7
0.0 0.0

 .
The membership matrix U shows that Objects 1 and 2 belong to one cluster, and Objects 3 and 4 to another. The centroid
matrix contains the centroids of the two clusters, in a two-dimensional space. The loading matrix A shows that Variables 1
and 2 are associated to the first dimension, Variables 3 and 4 to the second, and Variable 5 does not reflect the clustering
structure at all. Such a variable is commonly denoted as a noise or masking variable. Note that, because the size of loadings
express the relative importance of the variables concerned in the clustering, FKM and RKM are related to variable selection
and weighting approaches. The essential difference is that in the latter two approaches the variables are selected and
weighted before cluster analysis, whereas FKM and RKM weight, select and cluster simultaneously.
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The key difference between FKM and RKM can be easily seen in the objective functions that are associated with these
models. The FKM loss function to minimize is

FFKM(U, F,A) = ‖XAA′ − UFA′‖2 = ‖XA− UF‖2, (1)

whereas the RKM loss function to minimize can be written as

FRKM(U, F,A) = ‖X− UFA′‖2. (2)

Note that when the centroids are located in the full space (i.e., Q = J), both FKM and RKM equal the well-known K-means
clustering. Note further that FKM aswell as RKMhave rotational indeterminacy for the loadings and the centroid scores, and
permutational indeterminacy for the clusters. This implies that without altering the value of the loss function the loading
matrixA can be replaced byAT, where T is a (Q×Q ) orthonormal rotationmatrix, provided that this rotation is compensated
for in the centroid matrix as FT, and matrix Umay be replaced by U5, where5 is a (C × C) permutation matrix, provided
that the permutation is compensated for in the centroid matrix as5′F.
As can be seen in the FKM loss function (1), FKMminimizes the sum of the squared distances between the centroids in the

projected space and the projected data points (i.e., the observed data points that are projected onto the subspace in which
the centroids reside). This is the within-clusters deviance in the reduced space. The RKM loss function (2) shows that RKM
searches a partitioning of the objects that minimizes the sum of the squared distances between the observed data and the
‘quasi’ centroids, that is centroids that are located in a subspace of the data which is spanned by the columns of A.

2.3. Subspace residuals and complement residuals

To further compare the RKM and FKM analyses, it is instructive to examine the models that are being fitted by (1) and
(2). The RKMmodel that is being fitted by (2) is simply

X = UFA′ + ER, (3)

where ER denotes an (I × J) residual matrix. The optimal F is given by F = (U′U)−1U′XA, thus model (3) can be rewritten as

X = HUXAA′ + ER, (4)

where HU = U(U′U)−1U′ is the projection matrix on the space spanned by the columns of U. Note that (U′U)−1U′(C × I)
indicates how the different objects are weighted when computing the C centroids.
The FKMmodel, as specified by Vichi and Kiers (2001, Equation 1), is

XAA′ = UFA′ + EF (5)

with residual matrix EF(I × J), which can be rewritten by including the optimal F as

XAA′ = HUXAA′ + EF. (6)

The RKM model reconstructs all the data with only the centroids lying in the reduced space, while FKM assumes that both
the centroids and objects lie in reduced space.
The difference between FKM and RKM can be clearly expressed in terms of their residuals. We start our discussion

by considering the residuals in the FKM model. Because EF = XAA′ − UFA′, the matrix EF lies in the row space of A′.
This implies that the residual matrix EF can be written as EF = EA′, where the matrix E is in the same column space
as EF. Thus, EF contains the subspace residuals of the projected data when represented in the full space of X. Using that
XAA′ = UFA′ + EF = UFA′ + EA′ = (UF + E)A′, and recalling that the rotated projected configuration of objects does not
alter their squared Euclidean distances from the rotated centroids, the FKM model in (5) can be rewritten as XA = UF+ E.
Thus, FKM offers a model for the orthogonal projection onto a subspace of the data, rather than for the data themselves.
To model the observed data exhaustively (i.e., to model X rather than XAA′), another residual term is needed, describing
residuals in the orthocomplement of A, i.e., in the orthogonal complement subspace of A. Those ‘‘complement residuals’’,
which equal X− XAA′, are denoted here by E⊥A⊥′, where A⊥ is a J × (J − Q ) columnwise orthonormal matrix for which it
holds that A′A⊥ = 0. The full model for the observed data X can then be described as

X = UFA′ + EA′ + E⊥A⊥′, (7)

which forms the basis for our discussion of the performance of FKM and RKM in the remainder of this paper.
Formula (7) implies that the scores of I objects on J variables consist of a structural part and two types of residuals, namely

EA′, which are residuals within the subspace where centroids or centroids and objects lie (for RKM and FKM, respectively),
and E⊥A⊥′, which are residualswithin the complement of this subspace; fromnowon those residualswill be called subspace
residuals and complement residuals, respectively.
From (7) it is clear that a distinction can be made between 4 types of data: data that contain neither subspace nor

complement residuals (i.e., E = 0 and E⊥ = 0), data that contain subspace residuals only, data that contain complement
residuals only, and, finally, data that contain both subspace and complement residuals. Simple examples of these four types
of data are given in Fig. 1, in which variables x1 and x2 are observed variables (i.e., J = 2), the number of clusters C equals
2, and the number of components Q equals 1.
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Fig. 1. Examples of datawith (a) neither subspace nor complement residuals; (b) complement residuals only; (c) subspace residuals only; (d) both subspace
and complement residuals; note that the subspace chosen here is the one dimensional subspace represented by the diagonal line from bottom left to top
right.

The decomposition of the data into a structural part and two types of residual parts offers further insight into the nature
of masking variables. Masking variables do not reflect the underlying clustering structure, and therefore are assumed to be
represented fully in the residual part of the model. Eq. (7) together with this assumption implies that for masking variables
the corresponding rows in A (referring to the weights involved in obtaining the variables as linear combinations of the
underlying variables) must be zero; indeed, if they were not, such variables would contain, at least to some extent, the
clustering structure in U. As a consequence, masking variables are fully expressed by the third term, that is E⊥A⊥′. In other
words, the scores on the masking variable equal the complement residuals for that masking variable.

2.4. Perfect FKM data and perfect RKM data

Before we go on to a theoretical comparison of the RKM and FKM performances, it is instructive to consider the class of
observed data that perfectly comply with FKM and RKM, that is, for which the FKM and RKM loss functions are 0. From (1)
it follows that the FKM loss function is 0 if and only if XA = UF. To specify the class of perfect FKM data, we first note that
every matrix X(I × J) can be expressed in terms of A (a (J × Q ) columnwise orthonormal loading matrix) and A⊥ as

X = BA′ + CA⊥′, (8)

for certain matrices B (I × Q ) and C (I × (J − Q )). Inserting (8) for X in XA = UF, we find XA = BA′A+ CA⊥′A = B = UF.
Thus, for all matrices X that contain perfect FKM data, we have X = UFA′ + CA⊥′. It is also readily verified that such data
satisfy the FKMmodel for any matrix C. Denoting this arbitrary matrix C as E⊥, we can describe the full class of perfect FKM
data as

X = UFA′ + E⊥A⊥′. (9)

Comparing this expression to that in (3), we see that perfect FKM data are characterized by data in which the subspace
residuals are 0, whereas the complement residuals need not be 0.
From (2) it follows that the RKM loss function is 0 if and only if X = UFA′. Thus, perfect RKM data are those data for

which both the subspace residuals and the complement residuals are 0. Therefore, perfect RKM data are perfect FKM data,
but not vice versa. This is illustrated in Fig. 1, where perfect FKM data are shown in Fig. 1(a) and (b), and perfect RKM data
in Fig. 1(a) only.
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Fig. 2. Examples of possible FKM and RKM solutions for data with (a) neither subspace nor complement residuals; (b) complement residuals only; (c)
subspace residuals only; (d) both subspace and complement residuals. The lines in the figures indicate the subspace(s) where RKM and/or FKMmay end up.

3. Theoretical comparison: FKM’s versus RKM’s performances

In view of the equal objectives and rather similar model specifications of RKM and FKM, it is important to understand
when either or both of the methods would perform well in recovering a cluster structure. We successively examine FKM’s
and RKM’s performances in the cases of the four different types of data that were distinguished in Section 2 and illustrated
in Fig. 1. The possible FKM and RKM solutions for the data in Fig. 1 are presented in Fig. 2.

3.1. Data with zero subspace residuals and zero complement residuals

First, we consider data with zero subspace residuals and zero complement residuals, that is, data that comply perfectly
with the FKM as well as the RKM model (Fig. 1(a)). It will turn out that in this case, RKM yields a perfect solution, whereas
FKMmay easily yield arbitrary solutions that, however, are easily detectable.
The key problem for FKM in the case of datawithout any residuals is that its loss function is 0 for all possible projections of

the observed data, rather than only the projection on the subspace with the clustering. This can be seen as follows: Suppose
for all practical purposes that the complement space has more dimensions than the subspace of interest. A projection on
a subspace orthogonal to the one with the clustering structure implies that the estimated loading matrix Â is A⊥T, with T
an arbitrary orthonormal matrix. As a result, the projected data coordinates equal XÂ = UFA′A⊥T = UF0 = 0. Thus, the
loss function value will be zero by taking an arbitrary Û and F̂ = 0. Of course, the FKM loss function is also zero by taking
Â within the subspace itself, hence as AT, for any orthonormal matrix T. Hence, in the absence of residuals, the minimum
value of the FKM loss function is zero, irrespective whether the estimated loading matrix is in the column space of A and/or
in its orthocomplement A⊥. Note that estimates residing purely in the orthocomplement subspace can be easily diagnosed,
because the total deviance of XÂ is zero. Note further that Â can only equal A⊥Twhen Q ≤ (J − Q ).
In contrast to FKM, the RKM loss function is zero if and only if Â is AT for some orthonormal matrix T, Û and U differ at

most by a permutation. That is, Û = U5, for some permutation matrix5, and F̂ = 5′FT, provided that rank(U) = C and F
has rank Q (Q ≤ C) and does not have any equal rows, and rank(A) = Q ,Q ≤ min(C, J), as has been proven in Appendix A.
This implies that RKM yields a perfect solution in case of zero residuals. (Note that because FA′ cannot be fit better by using
more than C components, we can assume Q ≤ C without loss of generality.)
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In Fig. 2(a), it is illustrated that in the absence of residuals, RKM yields a correct estimate of the subspace, whereas FKM
may end up in two solutions of which only one is correct.

3.2. Data with complement residuals only

Secondly, we consider perfect FKMdata (see (9)), with complement residuals of full rank J−Q . We only consider the case
where the estimatedmatrices have the same orders as the underlyingmatrices, i.e., the correct numbers of components and
clusters are being estimated.
Now suppose that rank(U) = C, rank([UF|E⊥]) = (Q + J), where [UF|E⊥] is a blockmatrix consisting of matricesUF and

E⊥ positioned next to each other, rank(A) = Q ,Q ≤ J, F does not have any equal rows, and E⊥ has no clustering structure
whatsoever (which are, all in all, realistic conditions). If those conditions hold, it can be proven that, as in the above case, the
FKM estimates are as follows: Â is AT, Û and U differ at most by a permutation, i.e., Û = U5, for some permutation matrix
5, and F̂ = 5′FT. This proof is provided in Appendix B.
For data with complement residuals only, the RKM loss function boils down to

g1 (U, F,A) =
∥∥∥(UFA′ + E⊥A⊥′

)
− ÛF̂Â′

∥∥∥2
=

∥∥∥UFA′ − ÛF̂Â′
∥∥∥2 + ∥∥E⊥A⊥′∥∥2 − 2tr (ÛF̂Â′A⊥E⊥′)+ 2tr (UFA′A⊥E⊥′)

=

∥∥∥UFA′ − ÛF̂Â′
∥∥∥2 + ∥∥E⊥A⊥′∥∥2 − 2tr (ÛF̂Â′A⊥E⊥′) . (10)

Clearly, even when RKM’s estimates of U, F, and A are perfect, the loss function will not be zero but ‖E⊥A⊥′‖2. Hence, RKM
may end up in a solution which resides partly in the subspace defined by A⊥ if this solution has a lower loss function value.
An example of the latter situation is presented in Fig. 2(b).

3.3. Data with subpace residuals only

Thirdly, we consider observed data with subspace residuals present but no complement residuals (i.e., X = UFA′+ EA′).
In this case, FKM will always provide an arbitrary estimate of the membership matrix, as can be seen as follows. When the
estimated loading matrix Â would equal A⊥T, the projected data are zero (because XA⊥T = (UFA′ + EA′)A⊥T = 0). This
implies that a zero loss value is obtained with zero estimates of F, and arbitrary estimates of U. The FKM loss value with an
estimated loading matrix Â that fully or partly resides in the subspace spanned by A will result in a loss value larger than
zero, and hence solutions with Â = A⊥T are favoured. Note that this solution is clearly trivial, because the total deviance of
XA⊥ equals zero.
For observed data containing subspace residuals only, the RKM loss value will always be larger than zero. The subspace

solutionwill be the correct one (because any part of the solution inA⊥would add to the loss function), but its performance in
recovering the clustering structure is for obvious reasons expected to decrease with increasing subspace residual variances.
An illustration of the performance of RKM and FKM for data with subspace residuals only can be found in Fig. 2(c).

3.4. Data with subspace as well as complement residuals

Finally, we consider observed data with residuals both in the clustering subspace and in the subspace orthogonal to the
clustering subspace. This implies that the observed data can be written as

X = UFA′ + EA′ + E⊥A⊥′. (11)

Note that EA′ denotes the subspace residuals in the full space and E⊥A⊥′ the complement residuals. In this case, we cannot
make any hard statements on the possible solutions resulting from FKM or RKM. Therefore, we will study what happens
in such cases by means of a simulation study. We do have some conjectures, however, which are based on the results with
only one type of residuals present in the data. That is, we have seen that in the case with only subspace residuals, RKM ends
up in the correct subspace, while FKM does not. The reverse holds in the case of only complement residuals. We conjecture
that similar results hold when one of the two types of residuals is generally much smaller than the other type of residuals.
Specifically, we conjecture that, if subspace residuals aremuch larger than complement residuals, then RKM can be expected
to outperform FKM, and the reverse can be expected if subspace residuals are much smaller than complement residuals.

4. Simulation study

To gain insight into the correctness of our conjectures and into the comparative performances of RKM and FKM in the
presence of different levels of complement residuals and subspace residuals,we conduct a simulation study. It is investigated
to what extent RKM and FKM are capable of recovering the correct subspace and the correct cluster memberships in various
conditions.
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Fig. 3. Example of simulated object scores for 100 objects in 4 clusters in the correct 2-dimensional subspace at 4 levels of Proportion of Overlap (PO).

With respect to the recovery of the subspace it was conjectured that with increasing relative sizes of subspace residuals
compared to the complement residuals the recovery for FKM would deteriorate, whereas the recovery for RKM would
ameliorate. For the recovery of the cluster memberships, it was expected for both FKM and RKM that for those cases for
which the correct subspace would be estimated, the recovery of the memberships would deteriorate when the clusters
overlap more.

4.1. Generation of the simulated data and experimental design

Each simulated sample data matrix Xsim was generated as

Xsim = UsimFsimA′sim + EsimA′sim + E⊥simA
⊥′

sim. (12)

In the simulation experiment, we fixed the expected proportion of objects in Usim to be equal across clusters; the relative
distances between the centroids were fixed by taking Fsim = [−c c]′ and Fsim =

[
c −c c −c
c −c −c c

]′
, for the conditions with

Q = 1 andQ = 2, respectively,where c denotes a scalar tomanipulate the expected Proportion of Overlap between clusters;
the distributions of the complement and subspace residuals were taken as Esim ∼ N(0, σ 2Esim = 1) and E

⊥

sim ∼ N(0, σ
2
Esim⊥

).

The orthonormal loading matrix was taken fixed as Asim = [ 0.45 0.45 0.45 0.45 0.22 0.22 0.22 0.22 ]′ for

Q = 1 and Asim =
[
0.25 0.25 0.25 0.25 0.25 0.25 0.56 0.56
0.41 0.41 0.41 −0.41 −0.41 −0.41 0.00 0.00

]′
for Q = 2, implying that the number of observed

variables equals 8; those matrices were chosen such that the loading matrix had a certain, but not fully simple structure,
and that loadings varied at two levels across the variables. The matrix A⊥sim was taken as an orthonormal basis for the null
space of A′sim, so that A

′

simA
⊥

sim = 0.
The following four factors were manipulated in the experiment:
1. The expected Proportion of Overlap between clusters in the correct subspace (PO) was varied by manipulating the

distances between the centroids in Fsim. PO was defined as the proportion of shared density between clusters, as proposed
by Steinley and Henson (2005). PO was varied at 5 levels: 0.000001, 0.05, 0.10, 0.15 and 0.20.
To offer an impression of the effect of the manipulation of the Proportion of Overlap, an example of simulated object

scores for 100 objects in 4 clusters in the correct 2-dimensional subspace (i.e., UsimFsim + Esim) is depicted in Fig. 3, for
different levels of PO.
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Fig. 4. Means and associated 95% Confidence Intervals of Phi coefficients as a function of Proportion of Subspace Residual variance (PSR) and Proportion
of Overlap (PO).

2. The relative size of the variance of the subspace residuals and complement residuals was varied by manipulating the

expected Proportion of Subspace Residual variance relative to the total residual variance (PSR =
σ 2Esim

σ 2Esim
+σ 2

E⊥sim

=
1

1+σ 2
E⊥sim

,

because σ 2Esim was taken fixed at 1). PSR was varied at 8 levels: 0.01, 0.03, 0.05, 0.07, 0.09, 0.11, 0.13 and 0.15.
3. The Model Complexity (MC) was varied at 2 levels: (Q = 1, C = 2) and (Q = 2, C = 4).
4. The Number of Objects (NO) was varied at NO = 50, 100 and 200.
The experimental design was fully crossed, with 50 replicates per cell, yielding 5× 8× 3× 2× 50= 12,000 simulated

data sets.

4.2. Analyses of the simulated data

All 12,000 simulated data sets were analyzed with both RKM and FKM in the correct complexity, that is, given the true
values of C and Q . The alternating least squares algorithms used were taken from De Soete and Carroll (1994) for RKM, and
from Vichi and Kiers (2001) for FKM. To decrease the chance of missing the global optimum, we used 1000 randomly started
runs for each analysis.

4.3. Quality criteria

In this simulation study, it was studied how well RKM and FKM succeeded in recovering the correct subspace and the
correct cluster memberships. The subspace recovery was assessed by considering the mean of the Phi coefficients (Tucker,
1951) between the columns of the estimated and simulated loading matrices (Â and Asim, respectively), where Â had been
orthogonally Procrustes rotated (Cliff, 1966) towards Asim to deal with the rotational indeterminacy. The Phi coefficient
indicates to what extent two columns are proportional, and ranges from −1 to 1, where a value of (−)1 indicates perfect
proportionality and a value of 0 no proportional relationship.
The cluster membership recovery was assessed by the Adjusted Rand Index (Hubert and Arabie, 1985). The Adjusted

Rand Index has the maximal value of 1 in the case of a perfect recovery of the underlying clustering structure, and a value
of 0 in the case where the membership matrices Usim and Û do not correspond more than expected by chance.

4.4. Results

The quality of the Recoveries of the Subspace and the Cluster memberships will be discussed consecutively. Firstly, the
simulation results are presented in view of the stated conjectures. Subsequently, factors that appeared to strongly influence
the quality of recovery will be briefly discussed; those factors are identified by inspecting partial η2-values resulting from a
full-factorial Repeated Measures ANalysis Of VAriance (RMANOVA).
Recovery of the subspace
To obtain an impression of the quality of subspace recoverywith RKM and FKM, Fig. 4 presents themeans (and associated

95%CIs) of the Phi coefficients as a function of Proportion of Subspace Residual variance (PSR) and Proportion of Overlap (PO).
As can be seen in Fig. 4, the quality of subspace recovery decreases with increasing PSR for FKM, whereas for RKM the

reverse holds. Those findings corroborate the hypothesis that, with increasing relative sizes of subspace residuals compared
to the complement residuals, the subspace recovery would deteriorate for FKM, and ameliorate for RKM.
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Table 1
Values of partial η2 from full-factorial RMANOVAs on Phi coefficients and Adjusted Rand Indices, respectively.

Source Phi coefficient Adjusted Rand Index

Method 0.563 0.679
Method× PSR 0.917 0.873
Method×MC 0.788 0.705
Method× PO 0.726 0.701
Method×MC× PSR 0.486 0.326
Method×MC× PO× PSR 0.408 0.458
Method× PO× PSR 0.304 0.320
Method×MC× PO 0.191 0.086
Method×MC× PSR× NO 0.113 0.101
Method× PSR× NO 0.085 0.104
Method×MC× PO× PSR× NO 0.026 0.023
Method× PO× PSR× NO 0.022 0.019
Method×MC× NO 0.014 0.022
Method× NO 0.009 0.087
Method× PO× NO 0.005 0.004
Method×MC× PO× NO 0.002 0.001
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Fig. 5. Means and associated 95% Confidence Intervals of Adjusted Rand Indices as a function of Proportion of Subspace Residual variance (PSR) and
Proportion of Overlap (PO).

To identify factors with a strong influence on the subspace recovery, a full-factorial RMANOVA was performed. As can
be seen in Table 1, relatively strong effects were found for Method and for almost all interactions of Method with PO, PSR,
and MC. Note that all effects involving the Number of Objects appear to be weak (partial η2 < 0.20). A careful examination
of the strong effects revealed the following: For RKM, analyses of data for which (Q = 1, C = 2) appeared to generally
yield better subspace recovery than analyses of data for which (Q = 2, C = 4), whereas the reverse holds for FKM. The
interaction between PO, PSR and Method is summarized in Fig. 4. In Fig. 4, it can be seen that for RKM at a given level of
relative size of subspace residual variance (PSR), the quality of subspace recovery decreaseswith increasing overlap between
clusters. For FKM, the opposite effect is found, i.e., at a given level of PSR, the quality increases with increasing overlap. The
latter appears counterintuitive. Apparently, the quality of subspace recovery by FKM increases with increasing relative sizes
of complement residuals compared to subspace residuals, as we conjectured, but also with decreasing relative sizes of the
centroid scores compared to the sizes of the complement residuals.
A Phi coefficient lower than, say, 0.60 already indicates a rather bad recovery of the loadings. Therefore, FKM performs

generally reasonably in the conditions with PSR = 0.01 and 0.03, whereas the quality of the RKM solution is acceptable for
PSR levels higher than 0.11.
As indicated by the RMANOVA the number of objects in the range examined (50 to 200) affects the subspace recovery

relatively little (partial η2 < 0.11). Inspection of the results revealed that performance generally improves with increasing
number of objects, whereas FKM benefits most from increased sample size, especially in conditions with relatively good
performance.

Recovery of the cluster memberships
To offer insight into the cluster recovery performance of RKM and FKM, Fig. 5 presents the means (and associated 95%

CIs) of the Adjusted Rand Indices as a function of Proportion of Subspace Residual variance (PSR) and Proportion of Overlap.
It can be seen in Fig. 5 that the performance of FKM in recovery of the clustering structure increases with increasing

relative sizes of complement residuals (i.e., decreasing PSR), whereas this recovery decreases for RKM, as had been
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hypothesized. Furthermore, as conjectured, for FKM as well as RKM, cluster recovery generally deteriorates with increasing
amount of overlap.
A full factorial RMANOVA was performed to reveal the extent to which the manipulated factors influence membership

recovery. As can be seen in Table 1, also membership recovery depends mainly on the method used and on the interactions
of themethodwith PO, PSR, andMC. Inspection of the results indicated that themodel complexity affected themembership
recovery of FKM and RKM in a similar vein as it did for the subspace recovery. The interaction effect of PO, PSR and Method
on membership recovery is summarized in Fig. 5. As stated above, the membership recovery generally tends to decrease
with increasing overlap between clusters, for each of level of PSR, which is understandable from a theoretical point of view.
For FKM, this pattern differs from the one found for the subspace recovery, which tended to ameliorate with increasing
overlap. In fact, we can make a distinction between cases for which the correct subspace has been identified, and those for
which it has not. In the former case, the membership recovery is easier when clusters overlap less—if the correct subspace
has not been identified, the membership recovery is arbitrary anyway. This hypothesis is confirmed by further considering
those cases for which FKM has a reasonable recovery of the subspace, and those for which it has not, that is for which
Mean Phi > 0.60 and for which this is <0.60. As can be seen in Fig. 6, in cases for which Mean Phi > 0.60, increasing PO
strongly affects the recovery of the memberships, whereas in cases with Mean Phi < 0.60 the recovery of membership is
around the chance level.

4.5. Implications of the simulation results for empirical practice

In this simulation study, we studied how well RKM and FKM succeed in recovering the correct subspace and the correct
cluster membership. The results of this study confirmed our expectation that the recovery of the cluster memberships
by FKM and RKM deteriorates with increasing overlap between clusters. Furthermore, confirmation was found for our
conjecture that the quality of subspace recovery increases for FKM with decreasing relative sizes of subspace residuals in
comparison to the complement residuals, and that the reverse holds for RKM. An important question iswhat the implications
of those findings are for the empirical use of FKM and RKM.
The key difference in performance between FKM and RKM appears to be in the subspace recovery. After all, once the

proper subspace has been identified, FKM and RKM perform equally well, and are affected in a similar vein by increasing
overlap between clusters. The decrease in performance with increasing overlap is not surprising, and will generally occur,
irrespective of the clustering method considered.
With respect to subspace recovery, FKM and RKM appear to complement each other in finding the proper subspace:

FKMmay provide a proper solution when RKM fails, and vice versa. To judge which method is most likely to yield a proper
recovery for an empirical data set, one has to assess the proportion of subspace residual variance. In doing so, it is important
to realize that masking variables are an important source of complement residual variance, because they fully lie in the
complement subspace. For variables that do reflect the clustering structure, it is hard to predict whether the residuals are
in the clustering subspace or in its complement.
In our simulation study RKM appeared to perform reasonablywell in subspace recoverywhen the proportion of subspace

residual variance (PSR) was larger than 0.11. Although very hard to substantiate, we guess that PSRs of 0.11 or lower will
occur relatively little in empirical practice, implying that RKMwould have awide applicability. Especially when themajority
of the variables reflect the clustering structure, the PSR will be large enough to expect a proper performance of RKM.
On the other hand, FKM performed reasonably well if the PSR was smaller than 0.03, implying that more than 97% of

the variance is in the subspace complement to the centroid subspace. This seems to be a relatively large amount, especially
because variables are commonly standardized to have unit variances, resulting in a downweighting of masking variables
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Table 2
Values of fit(X), fit(XA) and Adjusted Rand Indices for each FKM and RKM solution computed for the archetypal psychiatric patient data.

Q RKM FKM
fit(X) fit(XA) Adjusted Rand fit(X) fit(XA) Adjusted Rand

1 0.411 0.968 0.446 0.002 0.983 −0.005
2 0.529 0.865 0.691 0.007 0.919 0.103
3 0.639 0.846 0.876 0.012 0.816 0.121
4 0.639 0.788 0.876 0.015 0.745 −0.005
5 0.639 0.834 0.876 0.014 0.598 −0.011
6 0.639 0.796 0.876 0.018 0.547 0.002
7 0.639 0.778 0.876 0.032 0.595 0.162
8 0.639 0.763 0.876 0.028 0.497 0.103
9 0.639 0.747 0.876 0.032 0.455 0.066
10 0.639 0.727 0.876 0.050 0.503 0.258
11 0.639 0.706 0.876 0.079 0.548 0.349
12 0.639 0.684 0.876 0.055 0.390 0.152
13 0.639 0.676 0.876 0.091 0.450 0.101
14 0.639 0.663 0.876 0.415 0.741 0.380
15 0.639 0.650 0.876 0.459 0.704 0.511
16 0.639 0.646 0.876 0.554 0.687 0.773
17 0.639 0.639 0.876 0.639 0.639 0.876

with large variances. When in empirical practice no educated guess whatsoever can be made on the relative size of PSR, it
appears wise to consider both RKM and FKM.

5. Empirical example: The archetypal psychiatric patient data

To illustrate the use of FKM and RKM in empirical practice, we consider data from a study on archetypal psychiatric
patients (Mezzich and Solomon, 1980). In this study each of 11 psychiatrists was invited to describe a typical patient for each
of four diagnostic categories: manic-depressive depressed (MDD), manic-depressive manic (MDM), simple schizophrenic
(SS) and paranoid schizophrenic (PS). These diagnostic categories are part of the DSM-II nomenclature of mental disorders
(American Psychiatric Association, 1968). The 11 psychiatrists characterized each of the four archetypal patients by rating
the 17 symptoms from the Brief Psychiatric Rating Scale (BPRS) on a seven point scale (ranging from 1 = not present to
7 = extremely severe), resulting in a 44 × 17 data matrix X. The following three questions arise: Can the four archetypal
patients be recovered from the data?Which variables are important in defining the four diagnostic categories under study?
Finally, can the 17 symptoms be reduced to a few meaningful dimensions?
The standardized version of the 44 × 17 data matrix X was analyzed with both RKM and FKM with 4 clusters and the

number of components (Q ) ranging from 1 to 17, where for each analysis 1000 random starts were used. For each solution,
we computed the percentages of variance explained by the estimated model of both the observed data (X), and of the
projected version of the observed data (XA), indicated by fit(X) and fit(XA), respectively. Also, the quality of recovery of
the four archetypal patients was assessed by considering the Adjusted Rand index between the estimated and expected
membership matrices.

5.1. Selection of FKM and RKM solutions

As can be seen in Table 2, for RKM the fit of the observed data (fit(X)) is non-decreasing with increasing number of
components, as it should be. To select the optimal number of components for RKM on the basis of fit only (i.e., without
considering the usually unknown Adjusted Rand Index values), one could apply the scree criterion to a plot of the fit(X)-
values against the Q -values (Cattell, 1966), so as to identify the model with an optimal balance of fit and complexity. This
scree criterion clearly suggests the selection of a RKM solution with Q = 3 components. The Adjusted Rand index values of
the RKM solutions (in Table 2) further reveal that adding more components would not improve the clustering. Hence, the
RKM solution with Q = 3 components is the most parsimonious solution with a reasonable fit and a reasonable clustering
recovery, and is therefore considered to be the optimal RKM solution.
For selecting among FKM solutions, the scree criterion cannot be used, since the fit of FKM of the projected data often

decreases with increasing numbers of components; this is due to the fact that the projected data XA commonly varies with
differing numbers of components. For FKM, the fit of the observed data, fit(X), is of rather limited informative value. Indeed,
low fit(X)-values may either indicate that FKM is highly successful in ignoring the masking variables when clustering the
objects, or that FKM fails to model the clustering structure present in the data. To date, no satisfactory approach appears to
exist to select the number of components in FKM analysis.
For the archetypal psychiatric patient data, the Adjusted Rand Index values of the various FKM solutions indicate that

FKM poorly recovers the clustering structure; only with Q = 16 or 17 components does the clustering structure appear to
be recovered to a reasonable extent. As these solutions are much more complex than the optimal RKM solution, only the
optimal RKM solution will be considered in the next paragraphs.
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Table 3
Rotated centroid scores of theC = 4 clusters on theQ = 3 components of theRKMsolution;MDD ismanic-depressive depressed,MDM ismanic-depressive
manic, SS is simple schizophrenic and PS is paranoid schizophrenic.

I (MDM) II (PS) III (SS)

1 (MDM) 0.50 0.04 −0.14
2 (PS) 0.02 0.44 −0.18
3 (SS) −0.08 −0.09 0.42
4 (MDD) −0.37 −0.39 −0.05

Table 4
Rotated loadings of 17 variables on the Q = 3 components of the RKM solution; MDD is manic-depressive depressed, MDM is manic-depressive manic, SS
is simple schizophrenic and PS is paranoid schizophrenic. Loadings in absolute value> 0.20 are indicated in bold face.

I (MDM) II (PS) III (SS)

Excitement 0.33 0.05 −0.25
Grandiosity 0.26 0.18 −0.24
Somatic concern −0.40 0.00 −0.18
Anxiety −0.35 0.08 −0.38
Emotional withdrawal −0.38 0.10 0.25
Motor retardation −0.26 −0.28 −0.09
Depressive mood −0.28 −0.27 −0.23
Guilt feelings −0.26 −0.28 −0.26
Mannerisms and posturing −0.14 0.32 0.28
Hostility 0.08 0.28 −0.21
Suspiciousness −0.19 0.39 −0.17
Hallucinatory behavior −0.17 0.40 −0.04
Uncooperativeness 0.01 0.28 −0.21
Unusual thought content −0.18 0.31 −0.10
Conceptual disorganization 0.02 0.22 0.15
Blunted affect −0.17 0.06 0.46
Tension 0.19 0.06 −0.27

5.2. Interpretation of the selected RKM model

To facilitate the interpretation of the selected RKM solution, we orthogonally rotated the centroid matrix F towards
simplicity using the normalized Varimax criterion (Kaiser, 1958), and compensated for this rotation in the loading matrix
A. In this particular case, we choose to rotate the centroid matrix rather than the loading matrix, because then each cluster
will be characterized by a linear combination of as few components as possible. The rotated centroid scores are presented
in Table 3.
As can be seen in Table 3, the centroid scores show a simple pattern: Cluster 1 is mainly related to Component I, Cluster 2

to Component II, and Cluster 3 to Component III; Cluster 4 is mainly an about equally weighted combination of Components
I and II.
To interpret the Clusters and Components further, we inspect the rotated loading matrix, which is presented in Table 4.

Inspection of the loadings reveals that Component 1 shows high positive loadings on symptoms that are presentwith typical
MDM patients and low loadings on symptoms that are absent in those patients; therefore, Component 1 is labeled as MDM.
In a similar vein, Components II and III can be labeled as PS and SS, respectively. Because all variables load to a reasonable
extent on at least one component, all variables are relevant in characterising the typical patients. This is not surprising,
because the BPRS, from which the variables stem, is designed for diagnosing psychiatric patients.
Having labeled the Components, we can assign labels to the Clusters as well, where Clusters 1 to 4 can be labeled as

MDM, PS, SS and MDD, respectively. The, thus performed labeling, on the basis of the component contents, coincides with
the expected cluster labeling (i.e., based on the archetypal patients rated). Because the MDM, PS and SS clusters are largely
related to a single component, their symptom pattern is reflected in the component concerned. The MDD cluster is an
approximately equally negativelyweighted combination ofMDMandPS symptoms; the negative signs imply that symptoms
that are present in either MDM or PS are largely absent in MDD, and vice versa.
To obtain further insight into the clustering provided byRKM,weplotted the observed scores projected into the estimated

subspace (i.e., XA), and the centroids of the four clusters in Fig. 7. The variability in scorings provided by the 11 psychiatrists
appears to be smallest for PS. The two misclassified descriptions of an archetypal patient stemmed from two different
psychiatrists. It could be interesting to relate the misclassifications to characteristics of the psychiatrist, such as years of
experience, but such background information is lacking.
From these results, we conclude that RKM recovers the four archetypal patients well from the descriptions. Furthermore,

all symptoms appeared to be relevant in defining the archetypal patients. Insight was obtained into the relationships
between symptoms in the four archetypal patients. Archetypal MDM, SS and PS patients appear to have a specific pattern of
symptoms. In contrast, MDD patients typically show symptoms that are absent in MDM and PS, and do not have symptoms
present in MDM and PS.
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Fig. 7. Observed scores projected to the RKM subspace, for (a) the MDM versus PS dimension, and (b) the PS versus SS dimension.

6. Discussion and conclusion

This paper aimed at offering a comprehensive comparison between FKM and RKM. This knowledge is of key importance
to understand the properties of FKM and RKM and to judge when either method is a proper choice to gain insight into the
clustering structure of an empirical data set.
In empirical practice, the central issue to resolve boils down to a model selection problem. That is, once a choice has

been made for a K-means subspace clustering approach, one has to choose between RKM and FKM, and select the numbers
of components and clusters. In choosing between RKM and FKM, an educated guess is necessary on the relative size of the
residuals in the clustering subspace. If such a guess is impossible to make, it appears wise to consider both RKM and FKM.
However, although hard to substantiate, we conjecture that RKMgenerallywill show a good performancewhen themajority
of the variables reflect the clustering structure and/or the variables are standardized before analysis.
Although the final model selection should be based on substantive considerations and interpretability of the solution, a

model selection heuristic can be a helpful tool to identify one or more interesting models. To this end, for RKM, a heuristic
used for selecting the number of clusters such as the popular Calinski–Harabasz index (1974) or the Silhouette index (Kauf-
man and Rousseeuw, 1990) could be applied; alternatively, a heuristic applied in component analysis, as in the numerical
convex hull approach (Ceulemans and Kiers, 2006), could be used. The latter proved a better model selection heuristic in the
context of multi-mode partitioning than the Calinski–Harabasz and Silhouette indices (Schepers et al., 2008). For FKM, such
heuristics cannot be used, as the fit may decrease with increasing model complexity. Further research is needed to examine
the usefulness of the heuristics mentioned for choosing among RKM solutions, and to define useful FKM heuristics.

Appendix A

In Section 3.1, it was stated that the RKM loss function is zero if and only if Â is AT for some orthonormal matrix T, Û and
U differ at most by a permutation, i.e., Û = U5, for some permutation matrix5, and F̂ = 5′FT, provided that rank(U) = C
and F has rank Q (Q ≤ C) and does not have any equal rows, and rank(A) = Q ,Q ≤ min(C, J). This can be proven as
follows. From UFA′ = ÛF̂Â′ we have UF = ÛF̂Â′A(A′A)−1. Furthermore, because F does not have any equal or zero rows,
UF is known to have exactly C different rows, or in other words, contains C sets of equal rows. The estimated membership
matrix Û has atmost C different rows, and hence atmost C sets of equal rows. Now, it will be explained that the sets of equal
rows must be the same in UF and Û. This is because, on the one hand, if in Û two rows were equal while the corresponding
rows were not equal in UF, the equality UF = ÛF̂Â′A(A′A)−1 could never hold. Hence rows that are equal in Ûmust also be
equal in UF. On the other hand, if in Û two rows were different while the corresponding rows in UFwere equal, this would
imply that two different sets of rows in Û must correspond to a single set of equal rows in UF. Since there are at most C
different sets of rows in Û, this would imply that these sets jointly correspond to at most C − 1 different sets of rows in UF,
which, however conflicts with the fact that UF is known to have exactly C different rows. Therefore, the sets of equal rows
must be the same in UF and Û.
From the notion that the sets of equal rows must be the same in UF and Û, it follows that U and Û can differ at most by

a permutation of the columns. As a consequence, Û = U5, for some permutation matrix 5, and F̂Â′ = 5′FA′. Because F
has rank Q , the latter equality implies that A and Âmust span the same column space, and since they are both columnwise
orthonormal, they can differ atmost by an orthonormal transformationmatrix T.With these results it follows from F̂ = 5′FT
that UFA′ = ÛF̂Â′.
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Appendix B

In Section 3.2, it was stated that when rank(U) = C, rank([UF|E⊥]) = (Q+ J), where [UF|E⊥] is a blockmatrix consisting
of matrices UF and E⊥ positioned next to each other, rank(A) = Q ,Q ≤ J, F does not have any equal rows, and E⊥ has no
clustering structure whatsoever, that Â is AT, Û and U differ at most by a permutation, i.e., Û = U5, for some permutation
matrix5, and F̂ = 5′FT. This can be proven as follows.
In the case of perfect fit of the FKMmodel, we have XÂ = (UFA′ + E⊥A⊥′)Â = ÛF̂. From this, it follows that

[UF|E⊥][A|A⊥]′Â = ÛF̂, (13)

hence [UF|E⊥] and ÛF̂ span the same column spaces. Because U and Û both have clustering structure and E⊥ has not, it
follows that the linear combinations that constitute the columns of ÛF̂ from those of [UF|E⊥] must be based only on the
former part of the matrix, and hence use zero weights in the latter part. In other words, this implies that within ([A|A⊥]′Â)
the part (A⊥′Â) equals 0. It follows that Âmust fully reside in the column space of A, and, because they are both columnwise
orthonormal, they can differ at most by an orthonormal transformation matrix T. Substituting Â = AT in (7) we get
UFA′AT = UFT = ÛF̂, fromwhich analogously to the reasoning in Appendix A it follows that Û = U5, for some permutation
matrix5, and F̂ = 5′FT.
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