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1. Introduction

Binary three-way data are often used to study substantive phenom-
ena in different areas of applied research. In personality psychology, such
data may for instance be used to study the types of behavior that are dis-
played by a certain person in a certain situation (Kuppens, Van Mechelen,
and Meulders 2004; Vansteelandt and Van Mechelen 1998). When studying
the competitive structure analysis of products in marketing research, data on
the attributes that are assigned to different products by different consumers
can be used to derive a perceptual mapping of products and attributes (Tor-
res and Bijmolt 2009). In social network analysis, one may for instance
study the social structure of a group by asking each member of the group
to judge the friendship ties between all (pairs of) members of the group
(Kumbasar, Kimball, and Batchelder 1994) or study simultaneously differ-
ent types of relations between group members (Gonzalez, Tuerlinckx, and
De Boeck 2009). In psychiatric diagnosis, one may study the structure of
psychiatric syndromes by analyzing which symptoms are ascribed to certain
patients by a number of clinicians (Van Mechelen and De Boeck 1990).

Maris, De Boeck and Van Mechelen (1996) introduced probabilistic
feature models (PFMs) as a method to model binary three-way data. PFMs
have been used to analyze data from several substantive domains, such as
marketing (Candel and Maris 1997), cross-cultural psychology (Meulders,
De Boeck, Van Mechelen, Gelman, and Maris 2001), personality assessment
(Meulders, De Boeck, Kuppens, and Van Mechelen 2002; Meulders, De
Boeck, and Van Mechelen 2003), psychiatric diagnosis (Maris et al. 1996),
and the facial perception of emotions (Meulders, De Boeck, Van Mechelen,
and Gelman 2005).

To explain binary rater judgements about the associations between ob-
jects and attributes, PFMs assume that respondents classify both the objects
and the attributes with respect to a number of unobserved binary variables
(further denoted as ‘latent features’), and that the observed object-attribute
associations are derived as a predetermined mapping of these classifications.
Similar to the continuous latent factors in a factor analysis, latent features
can be considered as higher-order properties of objects/attributes which pro-
vide a reduced description of those objects/attributes. Using binary instead
of continuous latent variables to describe objects/attributes may be interest-
ing for several reasons: First, in contrast to models with continuous latent
factors, models with binary latent factors do not have to rely on specific dis-
tributional assumptions for the latent factors. Second, the classification of
objects and attributes in terms of binary latent features can be used to cat-
egorize objects and attributes, which may enhance the interpretation of the
analysis.
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The PFM introduced by Maris et al. (1996) makes two assumptions
that are often too restrictive in applications: First, the model assumes that
the parameters used to model the classification of objects and attributes in
terms of latent features are the same for all respondents. This assumption
implies that the probability of an object-attribute association is the same for
all respondents, which may be unrealistic in applications. Second, the model
assumes that the classification of objects/attributes in terms of latent features
is renewed each time a respondent makes a new judgement. This assumption
implies that all object-attribute associations are stochastically independent,
which is often contradicted by the data (Meulders et al. 2003).

In this paper, we will describe a multilevel latent class extension of
PFMs (further denoted as multilevel LC-PFM), which allows respondent
heterogeneity (i.e., object and/or attribute parameters can be different across
latent rater classes) and dependencies between observations (i.e., by assum-
ing that the link between features and objects/attributes is fixed across judge-
ments). Besides improving the statistical fit of the model, a key advantage
of the proposed multilevel latent class extension is that it allows studying
rater differences in the categorization of objects and/or attributes. The study
of rater heterogeneity is an important substantive goal in many applications.

In the following sections we will first formally describe PFMs. Sec-
ond, we describe model extensions which allow to model respondent hetero-
geneity in object- or attribute parameters and which allow to capture depen-
dencies between observations. Third, we discuss related latent class models
for the analysis of binary three-way data. Fourth, we discuss the estima-
tion of multilevel LC-PFMs with the standard latent class software ‘Latent
Gold’ (Vermunt and Magidson 2005; 2008). Fifth, we discuss model selec-
tion and model checking. Sixth, we illustrate the models with applications
on product perception and anger-related behavior.

2. Probabilistic Feature Models

In order to explain binary associations between elements, PFMs as-
sume a three-fold process. To clarify this process we consider the case of
consumers who judge whether or not certain car models have certain prede-
fined attributes (e.g ‘safe’, ‘fun to drive with’, ‘powerful’, ‘stylish’, ‘rough’,
‘spacious’, ‘exclusive’, ‘practical’, ‘expensive’, ‘comfortable’, ‘versatile’,
‘economic’, etc.). Let Dijk denote binary observed variables that equal 1
if product j (j = 1, . . . , J) has attribute k (k = 1, . . . ,K) according to
rater i (i = 1, . . . , I), and 0 otherwise. In order to explain the observed
judgements, PFMs make the following assumptions:

1. There exist F binary latent features for both products and attributes.
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2. It is assumed that certain binary latent features representing proper-
ties of a car model are activated when a rater judges whether or not
a specific car model has a certain attribute. For instance, when judg-
ing a ‘Renault Espace’ the latent features ‘family car’ and ‘pleasure’
might be activated, whereas when judging a ’Porsche Cayenne’ the
latent features ‘outdoor’ and ‘pleasure’ might be activated. Formally,
the activation of latent features is described with binary latent vari-
ables Xjf

ki (f = 1, . . . , F ) that equal 1 if product j activates feature f
when rater i judges the product-attribute pair (j, k), and 0 otherwise.
Furthermore, PFMs assume that the activation of latent features dur-
ing product perception is a stochastic process. More specifically, it is
assumed that Xjf

ki ∼ Bernoulli(σjf ).
3. It is assumed that when a product-attribute pair is being judged, la-

tent features activated by the product may or may not be linked to the
attribute. For instance, the latent feature ‘family car’ may be linked
to attributes such as ‘safe’, ‘spacious’, ‘practical’, ‘comfortable’, ‘ver-
satile’, ‘economic’; the latent feature ‘pleasure’ may be linked to at-
tributes such as ‘fun to drive with’, ‘powerful’, ‘stylish’, ‘exclusive’,
‘expensive’, ‘comfortable’; and the latent feature ‘outdoor’ may be
linked to attributes such as ‘safe’, ‘powerful’, ‘rough’, ‘expensive’,
and ‘versatile’. Formally, the link between latent features and at-
tributes is described with binary latent variables Y kf

ji (f = 1, . . . , F )
that equal 1 if attribute k is linked to feature f when consumer i judges
product-attribute pair (j, k), and 0 otherwise. PFMs assume, like in the
case of the products, that the link between latent features and attributes
is stochastic. In particular, it assumed that Y kf

ji ∼ Bernoulli(ρkf ).
4. It is assumed that the observed binary association Dijk between a

product j and an attribute k is obtained as a predetermined mapping of
the latent features that are activated when the product is being judged
and of the latent features that are linked to the attribute. Formally,
Dijk = C(Xj1

ki , . . . ,X
jF
ki , Y

k1
ji , . . . , Y

kF
ji ) with C(·) indicating a map-

ping rule. Most often deterministic mapping rules are used (Maris et
al. 1996) but probabilistic mapping rules have been considered as well
(see e.g., Meulders, De Boeck, and Van Mechelen 2001). Maris et al.
(1996) describe several types of mapping rules for PFMs. In this pa-
per we will consider the disjunctive rule which reads that the product
is associated to the attribute if the product activates at least one feature
which is also linked to the attribute 1. This may be formally expressed
as follows:

1. Another mapping rule is the conjunctive one: An attribute is assigned to a product when the product
activates all the features that are linked to the attribute (see e.g., Meulders et al. 2005).
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Dijk = 1 ⇐⇒ ∃f : Xjf
ki = Y kf

ji = 1. (1)

From both the distributional assumptions of the latent variablesX and Y and
the mapping rule C(·), it follows that the probability of a product-attribute
association πjk is a nonlinear function of the product parameters (σ) and the
attribute parameters (ρ), more specifically:

πjk = P (Dijk = 1|σ,ρ)
=

∑
xj1
ki

. . .
∑
xjF
ki

∑
yk1
ji

. . .
∑
ykF
ji

P (Dijk = 1|xjki,yk
ji)p(x

j
ki|σj)p(y

k
ji|ρk)

= 1−
∏
f

(1− σjfρkf ). (2)

with p(xjki|σj) and p(yk
ji|ρk) products of Bernoulli distributed variables and

with P (Dijk = 1|xjki,yk
ji) fixed 0/1 probabilities that follow from the map-

ping rule. The observed variables Dijk are statistically independent because
they are based on independent realizations of X and Y . As a result, the
likelihood of the PFM equals:

p(d|σ,ρ) =
∏
i

∏
j

∏
k

πjk
dijk(1− πjk)

1−dijk . (3)

The model described by (2) and (3) can be considered as a latent class model
with 2F binary latent variables at the product-attribute-respondent combina-
tion level (i.e. the level of the data points dijk).

3. Multilevel Latent Class Extensions of PFMs

In this section, we first describe a multilevel LC-PFM which allows to
model person heterogeneity in object and/or attribute parameters. Second,
we further extend the models with different types of stochastic assumptions
to account for statistical dependencies between product-attribute pairs with a
common product or attribute. Third, we discuss how the proposed multilevel
LC-PFMs relate to other hierarchical mixture models for the analysis of
binary three-way data.

3.1 Respondent Heterogeneity in the Product-Attribute Association
Probability

As can be seen in (2), the PFM makes the assumption that the associ-
ation probability πjk is the same for all respondents. To model respondent
heterogeneity in the association probability, we propose a multilevel latent
class extension of the PFM in which respondents are assigned to one of T
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classes, and product parameters (σjf ) and/or attribute parameters (ρkf ) may
depend on latent respondent classes. The classification of a respondent i is
modeled by a T -element vector Zi = (Zi1, . . . , ZiT ) which has Zit = 1
if consumer i belongs to class t, and Zit = 0 otherwise. The latent class
sizes ξt indicate the probability that a respondent belongs to class t with∑

t ξt = 1. The likelihood of the model equals:

p(d|σ,ρ, ξ) =
∏
i

∑
t

ξt
∏
j

∏
k

πjkt
dijk(1− πjkt)

1−dijk . (4)

Using a disjunctive rule (see (1)), the conditional probability of an observed
association between product j and attribute k for a respondent belonging to
latent class t can be expressed as follows:

πjkt = P (Dijk = 1|Zit = 1,σ,ρ)

=
∑
xj1
ki

. . .
∑
xjF
ki

∑
yk1
ji

. . .
∑
ykF
ji

P (Dijk = 1|xjki,yk
ji)

p(xjki|Zit = 1,σjt)p(y
k
ji|Zit = 1,ρkt) (5)

= 1−
∏
f

(1− σjftρkft). (6)

The model described by (4) and (5) can be considered as a multi-
level LC model with a T -class latent variable at the respondent level and
2F binary latent variables at the product-attribute-respondent level. Note
that the model in (6) assumes that both the product parameters and the at-
tribute parameters depend on the latent respondent class. This assumption
means that product-attribute associations can be explained by a different set
of latent features in each of the latent respondent classes. Often, it will be
of substantive interest to have a common latent feature interpretation across
respondent classes, which can be achieved by using a model in which only
product parameters or attribute parameters vary across latent classes, that is,

πjkt = 1−
∏
f

(1− σjftρkf ) (7)

or
πjkt = 1−

∏
f

(1− σjfρkft). (8)

Note that the model in (7) is best suited to obtain a common feature interpre-
tation across latent classes because it is natural to derive the interpretation
of the latent features from the attribute parameters. In addition, this model
allows a study of rater differences in product perception.
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3.2 Dependencies Between Product-Attribute Associations with a
Common Product or Attribute

The model in (4) assumes that all the judgements of a respondent are
statistically independent conditional on the latent class membership. This
assumption may be unrealistic, as one may expect product-attribute asso-
ciations with a certain product or with a certain attribute to be more de-
pendent than product-attribute associations that do not have a product or
attribute in common. To overcome this limitation we may further extend
the models along the same lines as described by Maris (1999) or Meulders,
De Boeck, and Van Mechelen (2003). More specifically, in order to model
dependencies between product-attribute associations with the same product,
one may assume that the pattern of latent features assigned to a product is
not refreshed at each new judgement but that each respondent assigns a fixed
pattern of latent features to each product. In the same way, dependencies be-
tween product-attribute associations with the same attribute can be modelled
by assuming that each respondent assigns a fixed pattern of latent features
to each attribute. For the multilevel LC-PFM with fixed product features per
respondent, the likelihood equals:

p(d|σ,ρ, ξ) =
∏
i

∑
t

ξt
∏
j

∑
xj

i

[∏
k

p(dijk|xji , Zit = 1,ρkt)

]

p(xji |Zit = 1,σjt) , (9)

with
p(xji |Zit = 1,σjt) =

∏
f

(σjft)
xjf
i (1− σjft)

1−xjf
i

and, using a disjunctive mapping rule:

p(dijk|xji , Zit = 1,ρkt)

=
∑
yji

k

p(dijk|xji ,yk
ji)p(y

k
ji|Zit = 1,ρkt)

= [1−
∏
f

(1− xjfi ρkft)]
dijk [

∏
f

(1− xjfi ρkft)]
1−dijk .

The model in (9) can be considered as a multilevel LC model with a T -class
latent variable at the respondent level, F binary latent variables (X) at the
product-respondent level, and F binary latent variables (Y ) at the product-
attribute-respondent level. The model involves a double classification: First,
to model dependencies between product-attribute associations with the same
product, for each product, respondents are classified in 2F latent clusters
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which assign a specific pattern of latent features to the product. Second,
to capture respondent heterogeneity in the product- or attribute parameters,
respondents are classified in T classes. Note that the likelihood of a model
with fixed attribute features per respondent is analogous as it can be obtained
by switching the role of products and attributes in (9).

3.3 Combining Different Types of Heterogeneity- and Dependency
Assumptions

The three types of heterogeneity assumptions (i.e. class-specific prod-
uct parameters, class-specific attribute parameters and class-specific product-
and attribute parameters) can now be combined with the three types of de-
pendency assumptions (i.e. independence, fixed latent product features per
respondent, fixed latent attribute features per respondent) so that nine differ-
ent types of multilevel LC-PFMs can be specified.

4. Related Latent Class Models for the Analysis of
Three-Way Binary Data

The model described by (4) and (6) can be considered as a constrained
latent class model for the J × K product-attribute associations in which
the conditional probabilities πjkt are constrained to be a nonlinear function
of J × F product parameters and K × F attribute parameters. Note that
using an unconstrained T -class model to analyze associations between the
J ×K binary variables could be problematic if J ×K is large because the
number of conditional probabilities in such a model rapidly increases with
the number of latent classes, leading to overparameterized models that may
fail to fit the data (Formann 1992).

Vermunt (2007) considered a hierarchical mixture model for the anal-
ysis of three-way data that, like the LC-PFM, involves a double classifica-
tion: First, it is assumed that respondents belong to one of T classes with
Zit equal to 1 if respondent i belongs to class t, and 0 otherwise. The la-
tent class sizes ξt indicate the probability that a respondent belongs to class
t with

∑
t ξt = 1. Second, it is assumed that, when judging product j,

respondents of t belong to one of S clusters with Gijs equal to 1 if respon-
dent i belongs to cluster s when judging product j, and 0 otherwise. The
latent cluster sizes P (Gijs = 1|Zit = 1) = θs|t indicate the conditional
probability of belonging to cluster s given that one belongs to class t with∑

s θs|t = 1. The likelihood of the model equals:

p(d|ξ,θ,β) =
∏
i

∑
t

ξt
∏
j

∑
s

θs|t
∏
k

p(dijk|Gijs = 1, Zit = 1,βk),

(10)
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with βk regression parameters that are used to model the conditional prob-
ability of a product-attribute association between product j and attribute k
given that the respondent belongs to t and s. To model this conditional prob-
ability one could for instance assume:

P (Dijk = 1|Gijs = 1, Zit = 1,βk) =
exp(β0k + βatt

sk + βprod
jk )

1 + exp(β0k + βatt
sk + βprod

jk )
.

(11)
In other words, it is assumed that the probability to assign a particular at-
tribute to a(ny) product differs among the S clusters, and that it is more
likely to assign certain attributes to certain products, but that this effect is
equally strong for all clusters. In (11), it is also assumed that the regression
parameters β0k , βatt

sk and βprod
jk are equal across T classes of Z . However,

the latter assumption could be relaxed if needed. The model in (10), which
is a variant of the multilevel LC model proposed by Vermunt (2003), can
be considered as a multilevel LC model with a T -class latent variable at the
respondent level and a S-cluster latent variable at the product-respondent
level.

The multilevel LC-PFM with T classes at the respondent level and
with F fixed latent product features in (9) is closely related to the hierar-
chical mixture model with T classes at the respondent level and S(= 2F )
clusters at the product-respondent level in (10) as both models are multi-
level LC models that involve a double classification. However, there are
also some notable differences: First, in the hierarchical mixture model,
the marginal distribution of G is saturated, whereas in the multilevel LC-
PFM the marginal distribution of X1, . . . ,XF is modelled as a product of
Bernoulli distributions. Second, the conditional probability of a product-
attribute association given the latent class membership is modelled differ-
ently in both models: In the multilevel LC-PFM, the conditional product-
attribute association probability p(dijk|xji , Zit = 1,ρkt) is a nonlinear func-
tion of product- and attribute parameters which follows directly from the
specific pattern of features ascribed to a product, the strength of the feature-
attribute links in class t, and the specific mapping rule used by the model.
In contrast, in the hierarchical mixture model the logit of the conditional
product-attribute association probability p(dijk|Gijs = 1, Zit = 1,βk) is
modelled as a linear function of product, attribute, and product-attribute pa-
rameters that can be made class- or cluster-specific.

Finally, hierarchical mixture models with a double classification struc-
ture have also been applied to other contexts: Vicari and Alfò (2010) used
a hierarchical mixture model to derive a joint partition of customers and
products based on two-way discrete choice data. Jordan and Jacobs (1994)
and Titsias and Likas (2002) discussed hierarchical mixtures of experts for
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supervised classification. Li (2005) presented a model-based approach to
clustering in which the density of each cluster is modelled with a mixture of
normals. However, as these models do not apply to three-way binary data
they will not be further considered.

5. Estimation

For parameter estimation of multilevel LC-PFMs one may use an EM-
algorithm (Dempster, Laird, and Rubin 1977) to compute maximum likeli-
hood estimates because the complete-data loglikelihood has a simple struc-
ture:

p(d, x,y, z|σ,ρ, ξ) ∝ p(d|x,y, z)p(x|z,σ)p(y|z,ρ)p(z|ξ).
However, as maximum likelihood estimates will not always exist within the
interior of the parameter space, it is convenient to specify a concave prior
distribution on the parameters as this will guarantee the existence of pos-
terior mode estimates in the interior of the parameter space. For a multi-
level LC-PFM in which both product- and attribute parameters depend on
the latent respondent class, a conjugate prior distribution can be specified as
follows:

p(σ,ρ, ξ) =
∏
j

∏
f

∏
t

Beta(σjft|1 + ασ

JT
, 1 +

βσ
JT

)

∏
k

∏
f

∏
t

Beta(ρkft|1 + αρ

KT
, 1 +

βρ
KT

)

×Dir(ξ|1 + γ1
T
, . . . , 1 +

γT
T

). (12)

A concave prior distribution can be specified by using values larger than 0
for the constants ασ, βσ, αρ, βρ and γ1, . . . , γT in (12). Note that in (12), the
constants ασ, βσ, αρ, βρ and γ1, . . . , γT are weighted (with 1/JT , 1/KT
and 1/T ) to obtain exactly the same prior as in Latent Gold (Vermunt and
Magidson 2005; 2008).

All the presented multilevel LC-PFMs, can be estimated using the
syntax module of the standard latent class software Latent Gold (version
4.5). To illustrate the syntax for estimating multilevel LC-PFMs with Latent
Gold, we consider the analysis of binary judgements of respondents on the
associations between 10 products and 5 attributes. Table 1 shows how the
data should be structured for the analysis: The observed judgements should
be structured in one column (D), and the variables ‘respondent’, ‘product’
and ‘attribute’ should be added to further describe each record. Note that, the
data should be sorted by respondent if a latent classification at the respondent
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Table 1. Structure of data on product-attribute associations for analysis with Latent Gold 4.5

respondent product attribute D

1 1 1 1
1 1 2 0
1 1 3 1
1 1 4 1
1 1 5 0
1 2 1 1
1 2 2 0
1 2 3 0
1 2 4 0
1 2 5 1
2 1 1 0

. . .

level is used, and that, within respondents, the data should be sorted by prod-
uct (attribute) if a latent classification at the product (attribute)-respondent
level is used. Appendix A describes the syntax code that can be used to es-
timate a 2-feature 2-class (T = 2, F = 2) disjunctive multilevel LC-PFM
with fixed latent product features (i.e. dijk = C(xji ,y

k
ji)) and heterogeneity

in only product parameters (i.e. πjkt = f(σjt,ρk)). Adapting the syntax
code to estimate other multilevel LC-PFMs is straightforward.

As can be seen in the specified syntax code (see lines 18-41 of Ap-
pendix A), Latent Gold evaluates the association probability P (Dijk =
1|Zit = 1,σ,ρ) of multilevel LC-PFMs by summing the joint probabil-
ity P (Dijk = 1, x,y|Zit = 1,σ,ρ) over all latent data patterns (x,y) (see
for instance (5)). As the number of latent data patterns (= 2JF+KF ) rapidly
increases with the number of latent features, estimation of multilevel LC-
PFMs with many latent features (F > 5) may become slow (although it
remains possible using Latent Gold). In order to solve this problem we
have implemented an EM algorithm in which the association probabilities
are directly computed using the analytical results. Appendix B describes the
derivation of an EM-algorithm for a disjunctive multilevel LC-PFM with
fixed product features (i.e. dijk = C(xji ,y

k
ji)) and heterogeneity in only

product parameters (i.e. πjkt = f(σjt,ρk)). For all the models proposed
in the paper, EM-algorithms were derived. The results of the implemented
algorithms (parameter estimates, loglikelihood) for applications presented
in the paper were identical to the results obtained with Latent Gold.

6. Model Comparison and Model Checking

To choose the number of latent features and the number of classes of
multilevel LC-PFMs, one may use information criteria such as the Akaike
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Information Criterion (AIC, Akaike 1973; 1974) or the Bayesian Informa-
tion Criterion (BIC, Schwarz 1978). Both measures are obtained by sum-
ming a badness-of-fit term (i.e. −2ln[p(d|σ̂, ρ̂, ξ̂)]) and a penalty term, de-
pending on the number of free parameters k. For AIC and BIC the penalty
terms equal 2k and klog(I), with k the number of free parameters and I the
sample size. With PFMs, the sample size equals the number of raters I rather
than the total number of observed judgements I × J ×K. As indicated by
Miloslavsky and van der Laan (2003), the approximations used in AIC and
BIC are also based on regularity conditions that do not hold in the mixture
case. However, as both criteria are easy to compute when the posterior mode
has been located and as they perform well if the sample size is sufficiently
large (Meulders et al. 2003; Miloslavsky and van der Laan 2003) they are
often used in latent class analysis. Furthermore, as in contrast to AIC, BIC
has been shown to be a consistent estimate of the number of components in
a mixture (Keribin 2000), we will use this criterion for model comparison.

Once a specific multilevel LC-PFM has been selected, it is important
to check whether this model can capture key substantive aspects of the data.
A first aspect of interest is whether observed frequencies of product-attribute
associations (

∑
i dijk), can be captured by the model. A simple descriptive

analysis to check this is to compute the correlation between observed and
expected frequencies.

A second aspect of interest is whether observed rater differences can
be captured by the model. To check this, we will compare observed and
expected correlations (computed across raters) between all pairs of product-
attribute associations (j, k) and (j′, k′). To evaluate whether observed cor-
relations can be fitted by the model we use a parametric bootstrap procedure
(Efron and Tibshirani 1993) to simulate the reference distributions of the
correlations under the model, and we check whether observed correlations
are within the corresponding simulated 99% confidence interval (CI).

6.1 Example 1: Situational Determinants of Anger-Related Behavior

In the last decade the focus of personality research has shifted from
identifying stable personality traits (which explain behavior across situa-
tions) to identifying person types with stable situation-behavior relations
(Mischel and Shoda 1998; Mischel, Shoda, and Mendoza-Denton 2002). As
will be shown in this section, multilevel latent class PFMs are especially
well-suited to meet the latter challenge: More specifically, the model allows
classifying behaviors in terms of more basic ‘behavior types’ or ‘behavioral
strategies’, and it allows classifying situations with respect to the behavior
types that are considered appropriate in these situations. On top of that,
the model allows identifying person types with distinct situation-behavior
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profiles by taking into account individual differences in the classification of
situations.

6.1.1 Data

To illustrate multilevel LC-PFMs we analyze binary judgements of
101 first-year psychology students who indicated whether or not they would
display each of 8 anger-related behaviors when being angry at someone in
each of 6 situations (see also, Kuppens, Van Mechelen, and Meulders 2004;
Meulders et al. 2002; Vermunt 2007). The 8 behaviors consist of 4 pairs
of reactions that reflect a particular strategy to deal with situations in which
one is angry at someone, namely, (1) fighting (fly off the handle, quarrel), (2)
fleeing (leave, avoid), (3) emotional sharing (pour out one’s heart, tell one’s
story), and (4) making up (make up, clear up the matter). The six situations
are constructed from two factors with three levels: (1) the extent to which
one likes the instigator of anger (like, dislike, unfamiliar), and (2) the status
of the instigator of anger (higher, lower, equal). Each situation is presented
as one level of a factor, without specifying a level for the other factor.

6.1.2 Analysis

To explain associations between situations and behaviors we use La-
tent Gold to fit disjunctive multilevel LC-PFMs with one up to five latent
features (f = 1, . . . , 5), one up to 5 latent classes (t = 1, . . . , 5), three
types of heterogeneity assumptions (i.e. class-specific situation parameters,
class-specific behavior parameters, class-specific situation- and behavior pa-
rameters) and three types of dependency assumptions (independence, fixed
latent situation features per respondent, fixed latent behavior features per
respondent). For each of the resulting 225 (= 5 × 5 × 3 × 3) models, the
posterior mode(s) were estimated using 20 runs with random starting points,
and the solution with the highest posterior density was selected.

For each of the five models with lowest BIC, it was checked to what
extent the model can capture dependencies between pairs of situation-
behavior judgements. We used a parametric bootstrap procedure based on
2000 replicated datasets to simulate the reference distributions of all cor-
relations cori(dijk, dij′k′) under the model, and we compute the proportion
of observed correlations that are outside the corresponding 99% CI. As one
may expect extra strong dependencies between situation-behavior pairs with
a common situation or with a common behavior, we also computed, for each
of these types, the proportion of observed correlations that lie outside the
99% CI.

Table 2 lists for the five models with lowest BIC, the BIC values and
the proportion of all observed correlations that are outside the 99% CI. The
results of the analysis indicate a remarkable resemblance between the five
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Table 2. Number of features (F), number of latent classes (T), elements with a fixed
feature-classification (fixed classif.), elements with class-specific parameters (heterogene-
ity), loglikelihood (LL), number of parameters (k), BIC value, proportion of all observed
correlations outside the 99% CI (pall), proportion of observed correlations between
situation-behavior pairs with a common situation outside the 99% CI (psit), proportion of
observed correlations between situation-behavior pairs with a common behavior outside the
99% CI (pbehav), and correlation between observed and expected frequencies in the J × K
table (corJ×K) for the five models with lowest BIC applied to the situation-behavior data.

F T fixed classif. heterogeneity LL k BIC pall psit pbehav corJ×K

4 1 situation situation -2510 56 5279 .05 .20 .12 .99
4 2 situation situation -2459 81 5291 .03 .14 .08 .99
5 1 situation situation -2492 70 5307 .06 .20 .11 .99
4 3 situation situation -2424 106 5337 .03 .08 .08 .99
5 2 situation situation -2444 101 5355 .03 .11 .08 .99

best models according to BIC as all of these models assume 4 or 5 latent
features, class-specific situation parameters, and a fixed classification of sit-
uations per respondent. Table 2 further shows that the model with the lowest
BIC value (F = 4, T = 1) does not fully capture the observed dependencies
between situation-behavior pairs as about 5% of the residual correlations are
significantly different from 0 at the 1% level. Also, the model does not fully
capture dependencies between situation-behavior pairs with a common situ-
ation or a common behavior as 20% and 12% of these types of correlations
are outside the 99% CI.

Of all the models in Table 2, model (F = 4, T = 3) seems to have
the best performance to fit dependencies between situation-behavior pairs
(i.e. 97% of all observed correlations and 92% of the correlations with a
common situation or behavior are in the 99% CI). Therefore, we will further
discuss this model. Note that this model is also very similar to model (F =
4, T = 2) because the situation-behavior profiles of the latter model are very
similar to those of the first two classes of model (F = 4, T = 3).

6.1.3 Interpretation of the Selected Model

Table 3 lists the estimated behavior parameters of the selected model.
As can be seen in Table 3, it turns out that each of the four extracted features
shows especially strong links with behaviors that reflect a specific type of
reaction. In particular, F1, F2, F3 and F4 respectively have strong links
with the reaction types ‘emotional sharing’ (pour out one’s hart (.85), tell
one’s story (.91)), ‘making up’ (make up (.96), clear up the matter (.87)),
‘fighting’ (fly off the handle (.74), quarrel (.49)) and ‘fleeing’ (leave (.75),
avoid (.85)).
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Table 3. Estimated behavior parameters for a four-feature model (F=4) with class-specific
situation parameters (T=3) and fixed situation-features per respondent. The highest behavior
parameters are displayed in bold.

behavior F1 F2 F3 F4

fly off the handle .00 .16 .74 .00
quarrel .04 .33 .49 .01
leave .02 .00 .01 .75
avoid .08 .01 .01 .85

pour out one’s hart .85 .04 .01 .08
tell one’s story .91 .00 .15 .12

make up .00 .96 .07 .06
clear up the matter .07 .87 .06 .00

Figures 1 to 4 visualize for each feature the estimated class-specific
situation parameters and the corresponding 95% CIs. The class-specific sit-
uation parameter σjft can be interpreted as the probability that persons in
latent class t consider the reaction type associated to latent feature f to be
appropriate in situation j. Note that, the three latent classes contain 32%,
50%, and 18% of the respondents, respectively.

As can be seen in Figures 1 to 4, in some cases situational charac-
teristics are very strong leaving little room for individual differences in the
displayed behavior. For instance, for all latent classes, ‘making up’ is very
likely when being angry at a liked person, or when being angry at a person
of lower or equal status and it is very unlikely when being angry at someone
disliked or unfamiliar. Also, for all respondents, emotional sharing is very
likely when being angry at a disliked person or when being angry at a person
of equal status.

However, in most cases different person types will react in a different
way to different types of situations. In particular, as can be seen in Figures
3 and 4 the first two latent classes can be considered as an approach and an
avoidance class: In all situations, except when being angry at someone of
equal status, respondents of class 2 are more likely to flight (i.e. avoid a con-
frontation) than respondents of class 1. In contrast, the estimated propensity
to fight (i.e. approach) is generally higher for respondents of class 1 than
for respondents of class 2. However, the difference in propensity to fight be-
tween the two classes is only significant when one is angry at a liked person,
a person of higher status, or an unfamiliar person. Furthermore, respondents
of the third latent class are very likely to fight and/or make up when being
angry at a liked person or when being angry at a person of lower or equal
status, and they are very likely to flight (and not make up) when being angry
at someone disliked, unfamiliar or of higher status. Finally, in contrast to
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Figure 1. Propensity to share emotions (pour out one’s heart, tell one’s story) when being
angry at someone in a specific situation.
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Figure 2. Propensity to make up (make up, clear up the matter) when being angry at someone
in a specific situation.
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Figure 3. Propensity to fight (fly off the handle, quarrel) when being angry at someone in a
specific situation.

flight

pr
ob

ab
ili

ty

.0
.2

.4
.6

.8
1.

0

class 1

class 2

class 3

like

dislike

unfamiliar

higher status

lower status

equal status

Figure 4. Propensity to flight (leave, avoid) when being angry at someone in a specific situa-
tion.
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respondents of the other classes, respondents of class 3 are very unlikely to
share emotions when being angry at a person they are unfamiliar with.

6.1.4 Comparison with Related Models

The fit of the selected 4-feature 3-class multilevel LC-PFM (with BIC
equal to 5337) can be compared with several related models using the BIC
criterion. First, standard T-class LC models for the J×K situation-behavior
pairs with 1 up to 4 latent classes were fitted. The 2-class model has the low-
est BIC value, namely 5928. Second, we fitted hierarchical mixture models
defined by (10) and (11) (with j indicating situations and k indicating be-
haviors) assuming 1 up to 4 latent classes and 1 up to 4 latent clusters. The
3-class 4-cluster model has the lowest BIC value, namely 5324. However,
as shown by Vermunt (2007), the fit of this model can be considerably im-
proved by including direct effects to model the dependency between behav-
ior pairs of the same reaction type (i.e. fight, flight, share, and make-up),
yielding a BIC value of 5111. In sum, we may conclude that the selected
multilevel LC-PFM has a better fit in terms of BIC than a standard latent
class model, that it has a slightly higher BIC value than a standard hierar-
chical mixture model, but that it is outperformed by a hierarchical mixture
model that includes direct effects between behaviors of the same type.

Although the multilevel LC-PFM has a lower fit than a standard hi-
erarchical mixture model, it offers some substantive advantages: First, in
contrast to the hierarchical mixture model, the multilevel LC-PFM provides
a reduction of behaviors (in terms of the involved reaction style) and of sit-
uations (in terms of the reaction styles that are appropriate in the situation).
Second, in line with the objectives of personality research, the multilevel
LC-PFM allows to identify person types with specific situation-behavior
relations. In contrast, the hierarchical mixture model assumes that person
types only differ in the behaviors they will typically select. Moreover, the
model assumes that certain behaviors are more likely to occur in certain sit-
uations, but that this effect is the same for all person types (see Vermunt
2007).

6.2 Example 2: Analysis of Rater Differences in Product Perception

Strategic marketing decisions about (re)positioning products are of-
ten based on information about the competitive structure of the products in a
certain product space. Such competitive structure analysis typically involves
using a perceptual mapping technique to derive a dimension-based spatial
configuration of products (DeSarbo, Grewal, and Scott 2008). However, as
the metric and dimensional assumptions at the basis of geometric represen-
tations may be doubtful, non-spatial approaches based on the categorization
of products were proposed as an alternative (for an overview of non-spatial
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techniques, see DeSarbo, Manrai, and Manrai 1993). As shown by Can-
del and Maris (1997), PFMs are well-suited to derive a categorization-based
perceptual mapping from binary product-attribute associations.

In this application, we will use multilevel LC-PFMs with class-specific
product parameters to model rater differences in product perception. Inves-
tigating differences in product perception among raters may be important
for two reasons: First, if rater classes have a different product perception
(e.g., in the sense that they assign different feature patterns to products),
the derived competitive structure for the products will also be class-specific,
and as a result, decisions based on the competitive structure should account
for these rater differences in product perception. Second, an external pref-
erence analysis, which involves modelling product preference on the basis
of product coordinates obtained with a perceptual mapping (i.e. product-
feature probabilities), will be suboptimal if rater differences in product per-
ception are ignored.

6.2.1 Data

To illustrate using multilevel LC-PFMs for the analysis of rater differ-
ences in product perception, we collected and analyzed binary judgements
of 78 respondents who indicated for each of 27 attributes whether they apply
to each of 14 car models.

6.2.2 Analysis

Disjunctive multilevel LC-PFMs with one up to seven latent features
(f = 1, . . . , 7), one up to 5 latent classes (t = 1, . . . , 5), class-specific prod-
uct parameters (see (7)), and three types of dependency assumptions (inde-
pendence, fixed latent product features per respondent, fixed latent attribute
features per respondent) were estimated using an EM-algorithm. Attribute
parameters were constrained to be equal across latent classes (see (7)) to
guarantee a common feature interpretation for all respondents. For each of
the 105 (= 7×5×3) models, the posterior mode(s) were estimated using 20
runs with random starting points, and the solution with the highest posterior
density was selected.

Table 4 lists for the five best models (according to BIC) how well
dependencies between product-attribute pairs can be fitted and how well
product-attribute frequencies in the J × K table can be predicted by the
model. As can be seen, the model with the lowest BIC (model (F = 7, T =
3) with fixed latent attribute features) also fits the dependencies between
product-attribute associations best: 98% of all correlations between product-
attribute pairs are in the 99% CI. Also, 94% of the correlations between
product-attribute pairs with a common product and 97% of the correlations
between product-attribute pairs with a common attribute are in the 99% CI.
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Table 4. Number of features (F), number of latent classes (T), elements with a fixed
feature-classification (fixed classif.), loglikelihood (LL), number of parameters (k), BIC
value, proportion of all observed correlations outside the 99% CI (pall), proportion of
observed correlations between product-attribute pairs with a common product outside the
99% CI (pprod), proportion of observed correlations between product-attribute pairs with a
common attribute outside the 99% CI (patt), and correlation between observed and expected
frequencies in the J ×K table (corJ×K) for the five models with lowest BIC applied to the
car data. Only models assuming class-specific product-parameters were considered.

F T fixed classif. LL k BIC pall pprod patt corJ×K

7 3 attribute -11960 485 26033 .02 .06 .03 .96
7 2 attribute -12183 386 26049 .03 .08 .03 .96
7 2 product -12221 386 26124 .03 .03 .12 .95
6 2 attribute -12359 331 26159 .03 .09 .04 .95
7 1 product -12466 288 26183 .06 .04 .21 .96

Note that, because of the specific double classification of respondents in-
volved, models with fixed latent product features per respondent can better
fit correlations between attributes with a certain product than correlations
between products with a certain attribute, and that in the same way, models
with fixed latent attribute features per respondent can always better fit corre-
lations between products with a certain attribute than correlations between
attributes with a certain product. Finally, Table 4 shows that models with
6 or 7 features all fit the product-attribute frequencies in the J × K table
rather well as the correlation between observed and expected frequencies
ranges from .95 to .96. As model (F = 7, T = 3) with fixed latent attribute
features has the best overall performance we will further discuss this model.

6.2.3 Interpretation of the Selected Model

Tables 5 and 6 present estimates of attribute- and product parameters
for the selected model. Note that the three classes presented in Table 6, con-
tain respectively 27%, 18% and 55% of the raters. As can be seen in the ta-
bles the extracted latent features have a meaningful interpretation: Features
1 and 7 are similar in that both are most likely ascribed to small (i.e., agile
with city-focus) popular cars. However, these features also have a different
meaning as F1 refers to economical cars with a good price-quality ratio (e.g.,
‘Opel Corsa’), and F7 refers to attractive cars which are original and have a
nice design (e.g., ‘Mini Cooper’). Feature 2 is ascribed to cars that are con-
sidered to be reliable, safe, and versatile (e.g., ‘Volvo V50’). Features 3 and
6 are similar in that both are ascribed to luxurious, powerful and attractive
cars which are regarded as a status symbol. However, F6 is ascribed to cars
that are especially suited for outdoor activities (e.g. ‘BMW X5’) whereas
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Table 5. Estimated attribute parameters for a seven-feature model (F = 7) with class-
specific product parameters (T = 3) and fixed latent attribute features per respondent.
Probabilities larger than or equal to .50 are displayed in bold.

attribute F1 F2 F3 F4 F5 F6 F7

Economical .88 .18 .00 .02 .75 .00 .08
Agile .68 .13 .20 .00 .00 .13 .98

Environmentally friendly .32 .12 .03 .01 .89 .00 .12
Reliable .35 .99 .83 .05 .19 .06 .10
Practical .83 .54 .08 .57 .00 .00 .45

Family Oriented .00 .36 .15 1.00 .32 .00 .00
Versatile .02 .69 .00 .51 .07 .27 .00

Good price-quality ratio .90 .24 .04 .02 .33 .09 .06
Luxurious .00 .05 .98 .08 .01 .82 .12

Safe .20 .88 .70 .15 .02 .04 .00
Sporty .04 .00 .65 .00 .00 1.00 .56

Attractive .14 .13 .74 .01 .03 .56 .87
Comfortable .09 .50 .96 .60 .00 .14 .04

Powerful .00 .05 .88 .06 .00 .91 .00
Status symbol .00 .00 .92 .01 .12 .62 .40

Technically advanced .02 .02 .73 .00 .71 .26 .00
Sustainable .15 .88 .40 .04 .29 .03 .05

Original .00 .00 .03 .00 .26 .27 .86
Nice design .07 .08 .53 .02 .06 .51 .86

Value for the money .65 .29 .05 .00 .09 .11 .02
High trade-in value .00 .08 .82 .00 .00 .08 .03

Exclusive .03 .02 .17 .00 .07 .30 .40
Popular .81 .12 .25 .11 .06 .00 .57
Outdoor .00 .01 .05 .24 .00 .85 .02
Green .01 .06 .00 .02 .61 .00 .09

City focus .79 .06 .00 .00 .37 .00 .84
Workmanship .00 .09 .65 .02 .25 .19 .02

F3 is ascribed to comfortable high-quality (i.e., safe, reliable, workmanship,
technically advanced) cars (e.g. ‘Mercedes C-class’). Finally, feature 4 is
ascribed to comfortable, family-oriented (i.e. practical, versatile) cars (e.g.
‘Renault Espace’), and feature 5 is ascribed to technically advanced, envi-
ronmentally friendly (i.e. green) cars such as the ‘Toyota Prius’ which uses
hybrid drive technology to minimize gas consumption and CO2 emissions.

6.2.4 Differences in Product Perception

An ANOVA decomposition of the (logit of the) product parameters in
Table 6 as a function of the factors product (P ), feature (F ), class (C) and
their two-way interactions P × F , P × C , and F × C shows that respec-
tively 3%, 8%, 17%, 53%, 1% and 3% of the total variation in the product
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Table 6. Product parameters for a seven-feature model (F = 7) with class-specific product
parameters (T = 3) and fixed latent attribute features per respondent.

class car model F1 F2 F3 F4 F5 F6 F7

1 Volkswagen Golf .34 .74 .44 .06 .09 .16 .47
2 Volkswagen Golf .00 .09 .12 .02 .00 .00 .06
3 Volkswagen Golf .57 .43 .21 .00 .06 .00 .02
1 Opel Corsa .89 .19 .02 .10 .07 .00 .14
2 Opel Corsa .26 .00 .00 .00 .00 .00 .03
3 Opel Corsa .60 .10 .00 .07 .00 .00 .06
1 Nissan Qashgai .11 .38 .11 .65 .07 .62 .08
2 Nissan Qashgai .01 .02 .00 .19 .02 .14 .04
3 Nissan Qashgai .10 .19 .00 .41 .01 .27 .00
1 Toyota Prius .09 .28 .02 .55 .87 .04 .06
2 Toyota Prius .00 .01 .01 .07 .36 .04 .00
3 Toyota Prius .00 .13 .13 .17 .77 .00 .07
1 BMW X5 .00 .51 .81 .44 .00 .88 .01
2 BMW X5 .00 .00 .12 .05 .00 .25 .00
3 BMW X5 .00 .08 .38 .45 .00 .50 .00
1 Volvo V50 .10 .81 .41 .57 .22 .17 .00
2 Volvo V50 .00 .13 .04 .15 .00 .04 .00
3 Volvo V50 .08 .62 .10 .59 .00 .07 .00
1 Renault Espace .25 .40 .03 1.0 .12 .02 .08
2 Renault Espace .01 .00 .00 .65 .00 .00 .03
3 Renault Espace .14 .13 .00 .85 .00 .05 .11
1 Citroen C4 Picasso .40 .26 .00 .90 .13 .01 .20
2 Citroen C4 Picasso .03 .00 .00 .42 .00 .00 .04
3 Citroen C4 Picasso .25 .04 .00 .86 .00 .02 .02
1 Ford Focus Cmax .35 .57 .06 .75 .00 .05 .16
2 Ford Focus Cmax .11 .00 .00 .18 .00 .03 .00
3 Ford Focus Cmax .23 .18 .02 .61 .00 .00 .06
1 Mercedes C-class .00 .49 .96 .08 .00 .01 .18
2 Mercedes C-class .00 .00 .20 .01 .00 .11 .00
3 Mercedes C-class .02 .14 .73 .00 .00 .02 .05
1 Fiat 500 .53 .03 .00 .11 .18 .03 .65
2 Fiat 500 .04 .00 .00 .00 .00 .00 .42
3 Fiat 500 .29 .00 .00 .00 .19 .00 .44
1 Audi A4 .00 .76 .79 .26 .00 .17 .37
2 Audi A4 .00 .00 .23 .07 .00 .09 .00
3 Audi A4 .13 .47 .65 .12 .00 .03 .05
1 Mini Cooper .00 .21 .48 .00 .00 .12 .94
2 Mini Cooper .00 .00 .00 .00 .00 .07 .33
3 Mini Cooper .02 .03 .14 .00 .00 .15 .73
1 Mazda MX5 .11 .00 .25 .00 .08 .44 .30
2 Mazda MX5 .00 .01 .00 .00 .00 .33 .00
3 Mazda MX5 .02 .00 .14 .01 .00 .42 .21
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parameters is explained by these effects, and that 15% of the total variation
is due to error or a three-way interaction between the factors. Furthermore,
all the effects, except the P ×C interaction are significant at the 0.001 level.

The strong P × F interaction, which reflects the tendency to assign
specific features to specific products, indicates a strong psychological basis
for a common product-categorization in terms of latent features by raters.
However, there is also evidence for class-specific effects. First, the mod-
erate main-effect of class provides evidence for class-specific distributions
of the product parameters. More specifically, the averages of the product
parameters in the three classes equal 0.27 0.06 and 0.16. This class-effect
may be interpreted as a response-style effect (Van Rosmalen, Van Herk, and
Groenen 2010), as it can be explained as a tendency of classes to generally
pick more or less attributes per product when completing the survey. Sec-
ond, further inspection of the product parameters also shows that the classes
can have a different perception of specific car models. For instance, in class
3, the ‘Volkswagen Golf’ is regarded as a popular city car with a good price-
quality ratio (probability of .57 for F1) and not as an attractive, original city
car with a nice design (probability of .02 for F7), whereas in class 1 this
model is more likely to be regarded as a reliable safe car (probability of .74
for F2), which is attractive, original and has a nice design (probability of
.47 for F7), and less as a popular car with a good price-quality ratio (prob-
ability of .34 for F1). As a second example, we see that the ‘Toyota Prius’
is primarily regarded by class 3 as an environmentally friendly, economical,
green car (probability of .77 for F5 and low probabilities for the other latent
features), whereas class 1 perceives this car not only as ‘green’ (probability
of .87 on F5), but also as a comfortable family oriented car (probability of
.55 for F4).

6.2.5 Comparison with Related Models

Unconstrained latent class models for the J × K product-attribute
pairs with 1 up to 4 classes were fitted using Latent Gold. The 2-class model
has the lowest BIC, namely 28074. In addition, hierarchical mixture models
defined by (10) and (11) (with j indicating products and with k indicating
attributes, or with j indicating attributes and k indicating products) assuming
1 up to 9 latent classes and assuming 1 up to 9 latent clusters were fitted.
The 7-class 8-cluster model (with 7 classes at the respondent level and 8
clusters at the attribute-respondent level) turns out to have the lowest BIC,
namely 24951. Hence, the selected multilevel LC-PFM (with BIC equal to
26033) fits better than a standard unconstrained latent class model, but it is
outperformed by the hierarchical mixture model.

Although the selected multilevel LC-PFM fits less well than the hier-
archical mixture model in the present example, it still remains an interesting
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alternative for several reasons: First, in contrast to the hierarchical mixture
model, the multilevel LC-PFM yields a reduced description of products and
attributes in terms of binary latent features. As a result, parameter interpreta-
tion is often easier than with the hierarchical mixture model, especially when
many products and attributes are involved. Second, the multilevel LC-PFM
is well-suited to detect latent classes with a different product perception (i.e.
in terms of the latent features they assign to products). In contrast, the hi-
erarchical mixture model does not include cluster-specific product-attribute
relations. That is, it assumes that respondents of different latent clusters dif-
fer in the attributes they typically pick, and that certain attributes are more
likely to be assigned to certain products, but that the latter effect is the same
across latent clusters.

7. Discussion

In this paper, we presented multilevel latent class extensions of PFMs
to extract latent features underlying binary judgements of raters about object-
attribute associations. Specifically, PFMs with different types of statisti-
cal dependence assumptions (independence, fixed object features, fixed at-
tribute features) were extended in a multilevel latent class framework so that
object and/or attribute parameters can be made class-specific. The proposed
multilevel latent class extensions turn out to be advantageous for several
reasons:

First, as illustrated in the examples, modelling the heterogeneity in
object- or attribute parameters can be interesting from a substantive point
of view. For instance in the study on the situational determinants of anger-
related behavior the heterogeneity in the situation parameters reveals a small
number of clearly interpretable respondent classes who tend to react differ-
ently in certain anger-related situations. On the other hand, in the example
on car perception, introducing heterogeneity in the product-parameters al-
lows to identify rater classes who adopt a different response style (i.e. assign
generally more or less attributes to a car when completing the survey), and
who also have a different perception of specific car models in terms of latent
features.

Second, as shown in the examples, modelling heterogeneity in the
object-or attribute parameters may help to better fit the dependencies be-
tween object-attribute pairs and as a result to better capture related respon-
dent differences. More specifically, where the dependence assumption of
fixed object/attribute features especially helps to fit correlations between
pairs with a common object/attribute (see also Meulders et al. 2003), in-
troducing heterogeneity in the object/attribute parameters further improves
to fit the correlations between pairs with a common attribute/object.

A comparison of multilevel LC-PFMs with standard hierarchical mix-
ture models for three-way data (Vermunt 2007) shows that the latter are
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likely to outperform the developed multilevel LC-PFMs in terms of model
fit, but that multilevel LC-PFMs may still fit important substantive aspects
of the data rather well. Furthermore, when modelling complex data (i.e.
with many objects and many attributes as in the example on car perception),
hierarchical mixture models may become complex (i.e. including many la-
tent classes and latent clusters) and therefore hard to interpret. In contrast,
multilevel LC-PFMs aim for a reduction of the attributes in terms of a small
number of latent features. In as far as the extracted latent features have a
simple interpretation, interpreting the object parameters in terms of the ex-
tracted features is also straightforward.

On a practical level, it is useful to note that the presented multilevel
LC-PFMs can be estimated with the syntax module of Latent Gold. This en-
hances the application of the models by other researchers, and also opens the
door to further model extensions, for instance by including person, object-
or attribute covariates in the model.

Appendix A: Latent Gold 4.5 Syntax Code for the Estimation of
Multilevel LC-PFMs

A.1 Syntax code

1. model
2. title fixedproductfeature-heterogeneousproductparameters-T2-F2;
3. options

4. algorithm tolerance=1e-010 emtolerance=0.01 emiterations=250 nrit-
erations=50;

5. startvalues seed=0 sets=20 tolerance=1e-008 iterations=50;
6. bayes categorical=1 variances=1 latent=2 poisson=1;
7. montecarlo seed=0 replicates=500 tolerance=1e-008;
8. quadrature nodes=10;
9. missing excludeall;

10. output estimatedvalues parameters=last standarderrors probmeans
=posterior profile bivariateresiduals;

11. variables
12. groupid respondent;
13. caseid product;
14. dependent D nominal;
15. independent product nominal, attribute nominal;
16. latent Z group nominal 2, X1 nominal 2, X2 nominal 2, Y1 nominal 2

dynamic, Y2 nominal 2 dynamic;
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17. equations

18. Z < −1 ;

19. X1 < −1| product Z;

20. Y1 < −1| attribute;

21. X2 < −1| product Z;

22. Y2 < −1| attribute;

23. D < −(b ∼ wei) 1| X1 X2 Y1 Y2;

24. b={
25. 1 0 // X1=0 X2=0 Y1=0 Y2=0

26. 1 0 // X1=0 X2=0 Y1=0 Y2=1

27. 1 0 // X1=0 X2=0 Y1=1 Y2=0

28. 1 0 // X1=0 X2=0 Y1=1 Y2=1

29. 1 0 // X1=0 X2=1 Y1=0 Y2=0

30. 0 1 // X1=0 X2=1 Y1=0 Y2=1

31. 1 0 // X1=0 X2=1 Y1=1 Y2=0

32. 0 1 // X1=0 X2=1 Y1=1 Y2=1

33. 1 0 // X1=1 X2=0 Y1=0 Y2=0

34. 1 0 // X1=1 X2=0 Y1=0 Y2=1

35. 0 1 // X1=1 X2=0 Y1=1 Y2=0

36. 0 1 // X1=1 X2=0 Y1=1 Y2=1

37. 1 0 // X1=1 X2=1 Y1=0 Y2=0

38. 0 1 // X1=1 X2=1 Y1=0 Y2=1

39. 0 1 // X1=1 X2=1 Y1=1 Y2=0

40. 0 1 // X1=1 X2=1 Y1=1 Y2=1

41. };

42. end model

A.2 Comments on the Latent Gold Syntax Code

Lines 3-10 describe the specific options used for the estimation (for
further details see Vermunt and Magidson 2008). In line 6, the specification
‘latent=2’ indicates that we actually specify ασ = βσ = αρ = βρ = 1
and γ1 =, . . . ,= γT = 2 for the prior distribution in (12). Lines 11-16
describe per type of variable, the variables that are involved in the analysis.
In lines 12 and 13 it is indicated that respondents should be classified both
at the respondent level (=group level) and at the product-respondent level
(=case level). In line 16 it is indicated that the latent variable Z is used to
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classify respondents in 2 classes, and that the binary latent variables X1 and
X2 are used to classify respondents at the product-respondent level in 2F (=
4) clusters. In addition, the keyword ‘dynamic’ indicates that the binary
latent variables Y 1 and Y 1 are used to classify respondents at the level of
individual observations. Lines 18-23 describe the relationships between the
variables that are involved in the analysis. In particular, lines 19 and 21
indicate that the distributions of X1 and X2 are specific for all combinations
of class- and product levels. Lines 20 and 22 indicate that the distributions of
Y 1 and Y 2 are attribute-specific. Line 23 states that the observations D are
a deterministic function of the latent variables X1, X2, Y 1 and Y 2. Lines
25-40 list the conditional probabilities P (D = 0|x,y) and P (D = 1|x,y)
for all latent data patterns (x,y). Note that in lines 25-40, the parts after the
double slash are comments. Concerning the order of the latent variables in
the pattern, Latent Gold will first consider the latent variables at the case-
level (i.e. X1 and X2) and then the latent variables at the level of individual
observations (i.e. Y 1 and Y 2).

Appendix B: Derivation of the EM-Algorithm

For the disjunctive multilevel LC-PFM with fixed product features
(i.e. dijk = C(xji ,y

k
ji)) and heterogeneity in only product parameters (i.e.

πjkt = f(σjt,ρk)), the complete-data likelihood is proportional to:

∏
i

∏
t

⎧⎨
⎩ξt

∏
j

∏
f

(σjft)
xjf
i (1− σjft)

1−xjf
i

∏
k

∏
f

∏
j

[
(ρkf )

ykf
ji (1− ρkf )

1−ykf
ji

]xjf
i
[
(0)y

kf
ji (1)1−ykf

ji

]1−xjf
i

⎫⎬
⎭
zit

.

Using a conjugate prior distribution as in (12), except for a constant,
the logarithm of the complete-data posterior equals:

=
∑
i

∑
t

(
2

T
+ zit)ln(ξt)

+
∑
j

∑
f

∑
t

[
1

JT
+
∑
i

xjfi zit]ln(σjft)

+[
1

JT
+
∑
i

(1− xjfi )zit]ln(1− σjft)

+
∑
k

∑
f

[
1

K
+
∑
i

∑
j

∑
t

xjfi ykfji zit]ln(ρkf )
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+[
1

K
+
∑
i

∑
j

∑
t

xjfi (1− ykfji )zit]ln(1− ρkf).

To estimate the parameters with the EM algorithm, in subsequent iterations,
we have to maximize the complete-data posterior as function of the param-
eters (M-step), and replace the complete data statistics by their conditional
expected values given the observed data, and the current value of the pa-
rameters (E-step). In iteration (m + 1), one may update the parameters as
follows:

σ̂
(m+1)
jft =

1
JT + E(

∑
i x

jf
i zit|d,σ(m),ρ(m), ξm)

2
JT + E(

∑
i zit|d,σ(m),ρ(m), ξm)

(13)

ρ̂
(m+1)
kf =

1
K + E(

∑
i

∑
j

∑
t x

jf
i ykfji zit|d,σ(m),ρ(m), ξm)

2
K + E(

∑
i

∑
j

∑
t x

jf
i zit|d,σ(m),ρ(m), ξm)

(14)

ξ̂
(m+1)
t =

2
T + E(

∑
i zit|d,σ(m),ρ(m), ξm)

I + 2
. (15)

To update the parameters, one has to compute the conditional expected val-
ues in (13), (14) and (15). The expected value in the numerator of (15) and
the denominator of (13) can be derived as follows:

E(
∑
i

zit|di,σ,ρ, ξ) =
∑
i

P (Zit = 1|di,σ,ρ, ξ).

The posterior probability P (Zit = 1|di,σ,ρ, ξ) can be computed as fol-
lows:

=
P (Zit = 1|ξ)p(di|Zit = 1,σ,ρ)

p(di|σ,ρ, ξ)
∝ ξt[

∏
j

p(dij|Zit = 1,σ,ρ)]

∝ ξt
∏
j

{
∑
xj

i

p(dij |xji ,ρ)p(xji |Zit = 1,σj)}

∝ ξt
∏
j

{
∑
xj

i

[
∏
k

p(dijk|xji ,ρk)]p(x
j
i |Zit = 1,σj)}

with

p(dijk|xji ,ρk) = [1−
∏
f

(1− xjfi ρkf )]
dijk [

∏
f

(1− xjfi ρkf )]
1−dijk
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and
p(xji |Zit = 1,σjt) =

∏
f

(σjft)
xjf
i (1− σjft)

1−xjf
i .

The expected value in the numerator of (13) can be computed as follows:∑
i

E(xjfi zit|di,σ,ρ, ξ)

=
∑
i
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=
∑
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The expected value in the numerator of (14) can be computed as:
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and with
P (Y kf
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i = 1, Zit = 1,Dijk = 0) = 0.
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The expected value in the denominator of (14) can be computed as:

E(
∑
i

∑
j

∑
t

xjfi zit|d,σ,ρ, ξ)

=
∑
i

∑
j

∑
t

P (Xjf
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=
∑
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∑
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∑
j

P (Xjf
i = 1|di, Zit = 1,σ,ρ).
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