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Abstract

Multiple item response profile (MIRP) models are models with crossed
fixed and random effects. At least one between-person factor is crossed
with at least one within-person factor, and the persons nested within the
levels of the between-person factor are crossed with the items within lev-
els of the within-person factor. Maximum likelihood estimation (MLE) of
models for binary data with crossed random effects is challenging. This is
because the marginal likelihood does not have a closed form so that MLE
requires numerical or Monte Carlo integration. In addition, the multi-
dimensional structure of MIRPs makes the estimation complex. In this
paper, three different estimation methods to meet these challenges are de-
scribed: (1) the Laplace approximation to the integrand, (2) hierarchical
Bayesian analysis, a simulation-based method, and (3) an alternating im-
putation posterior (AIP) with adaptive quadrature as the approximation
to the integral. In addition, this paper discusses advantages and disadvan-
tages of these three estimation methods for MIRPs. The three algorithms
are compared in a real data application and a simulation study was also
done to compare the behavior of the three.

keywords: multiple item response profile models, crossed random ef-
fects, Laplace approximation, hierarchical Bayesian analysis, alternating
imputation posterior, adaptive quadrature



1 Introduction

The main purpose of this paper is to compare three methods for the estimation
of a model for binary data stemming from a design with crossed random effects
(persons and items) and crossed fixed effects (between persons and within per-
sons). We will explain in the following why such a design is of interest and why
binary data are considered.

Repeated measurement designs and tests have in common that persons are
presented with a set of items. “Item” is a term commonly used for tests, but we
will use it in a broader sense for all kinds of stimuli, situations, tasks, questions,
etc., presented to persons in an experiment or in a test. The perspective we
take here on items is to consider them as random. As a consequence, the
models are models for crossed random effects, since also the persons the items
are crossed with are treated as random. These models are sometimes called
multilevel models, because they share with the typical multilevel models that
more than one mode of the data is treated as random: persons and groups in
the typical multilevel case, and persons and items in the kind of design we are
considering here. Strictly speaking they are not multilevel models because they
do not necessarily have nested random effects (two or more levels of random
effects), as explained by Baayen, Davidson, and Bates (2008).

Apart from crossed random persons and items, other ingredients of the type
of design we are considering are (a) a between-persons factor, stemming from
a manipulation (in an experiment) or based on natural groups (e.g., gender),
and a within-persons factor, stemming from a manipulation (in an experiment)
or based on different types of items. The full design has two fixed factors, one
differentiating between persons and the other differentiating within persons, and
two random factors: persons and items.

The essential elements for the present study are that the items are treated
as random and that the observations are binary. Treating items as random is
not a new statistical approach. The model we are studying is a member of the
broader family of generalized linear mixed models (McCulloch & Searle, 2001).
While a random item approach is highly useful for psychological data of various
kinds, it is still not commonly used.

For the context of psychological experiments, the random effect approach has
been advocated in the psycholinguistic and perception literature. A special issue
of Journal of Memory and Language in 2008 is devoted to this approach (Forster
& Masson, 2008). Treating items as fixed while one is interested in the items as
a sample and not so much in the specific items, leads to inflated type I errors.
One solution to this problem is the Fmin’ statistic (Clark, 1973; Raaijmarkers,
2003; Raaijmarkers, Schrijnemakers, & Gremmen, 1999). A more elegant and
model-based solution is to use mixed models with random person and random
item effects (Baayen et al., 2008; Jaeger, 2008; Quené, 2008). Covariates with
fixed effects can be easily included in the model, as is illustrated for recognition
data by Freeman, Heathcote, Chalmers, and Hockley (2010). The fixed factors
of the design we are interested in can be seen as covariates. The special issue of
Journal of Memory and Language gives special attention to binary data. Binary



data are rather common in psychology: in the fields of memory (recognition,
recall), psychophysics, perception, lexical and categorical decision. Each time
that accuracy is important, binary data play a role, sometimes in combination
with response time data, such as for the Stroop task, and in priming paradigms.
When the data are binary, the link function of a generalized linear mixed model
can be used to avoid artifacts stemming from a discrete and bounded scale.
Item-level data can be analyzed instead of aggregated data, such as proportions,
as is rather common.

In a test and item response theory (IRT) context, treating the items as ran-
dom makes sense for reasons explained among others by Cho and Rebe-Hesketh
(2011) and De Boeck (2008). Sometimes items are literally drawn from a pop-
ulation, such as an item bank, or they are generated at random (Doran, Bates,
Bliese, & Dowling, 2007), such as in an item generation paradigm (Glas & van
der Linden, 2003; Johnson & Sinharay, 2005; Geerlings, Glas, & van der Linden,
2011). When an explanatory approach is used with item covariates, then it is
not always realistic to limit the model to fixed effects on the item side, because
it implies that a perfect explanation can be given. Including an error term, and
hence, considering items as random, solves this problem and is analogous to the
common regression model (Janssen, Tuerlinckx, Meulders, & De Boeck, 2000;
Janssen, Schepers, & Peres, 2004). Also from a hierarchical Bayesian approach,
it is natural to treat items as random variables (Fox, 2010; Soares, Gongalves, &
Gamerman, 2009). Finally, random item effects are a parsimonious way of mod-
eling. Instead of many fixed item effects, only the item distribution parameters
are needed.

The simplest case with all the ingredients we are interested in is a two-
by-two design, with a between-persons factor and a within-persons factor. It
can be considered as representative for more complex designs. There is no
reason why the estimation method should be different or have a different quality
depending on the number of fixed effect factors and their number of levels of
the factors have. The estimation quality would rather depend on aspects of
the random effects (persons and items): the number of units and the variance-
covariance structure. Therefore we concentrate on a variation of the latter for
the simulation study.

The random effect models for the design we are interested in can be formu-
lated with different kinds of parameterization. For the random items effects,
an important choice is between (a) random intercept plus random slope, and
(b) level specific random effects. The choice applies to both the persons and
the items, and is explained for the items in the following: (a) a random item
intercept defines the general item effect, whereas the random item slope (ran-
dom difference) defines the item dependent difference between the levels of the
between-person factor, and (b) level specific random item effects are item effects
per level of the between-person factor. Let us assume that the between-person
factor is gender. The random item intercept defines the gender independent
item effect and the random slope defines the item dependent difference between
the two gender groups. The alternatives are gender specific item effects, which
are the effects per gender group. For example, if the data are test data, the two



random item variables would be the item difficulties for men and for women.
In this paper we focus on level specific random effects, the equivalent of simple
effects in an analysis of variance (ANOVA) context. First, level specific ran-
dom item effects reflect in a direct way within-person effects, and not group
differences, so that a within-person interpretation of the phenomena and the
processes involved is evident. Second, level specific effects, for persons and for
items, are the equivalent of a simple structure in factor analysis, with one ran-
dom variable per level of the within-person factor for the individual differences,
and one per level of the between-person factor for the item differences. In that
way, each random variable corresponds to just one level. We use the term item
response profile for the random item effect of one group. Because the design
we are interested in has more than one group, we call the model (with the pa-
rameterization in question) multiple item response profiles model (MIRP) (De
Boeck & Wilson, 2010). For example, when a test is presented to men and
women, then each group has its random item profile, and in an IRT context,
these profiles would be the (random) item difficulties.

1.1 Model Formulation

Figure 1 gives a presentation of the design with G person groups (the between-
person factor, g = 1,---,G) and K item types (the within-person factor,
k =1,---,K). The random person effect is defined as 04,5, with p (p =
1,---, P) as a person index nested within g (denoted by g[p]) for the kth item
type. 0,4y follows a multivariate normal distribution (MVN) with a mean

’

vector O for k = 1,--- , K, that is, Og[p] = [Qg[p]l,”' ,Qg[p]k,~~ ,Qg[p]K} ~
MVN(0, ¥y). The random item effect is defined as (y[;)q, with @ (i = 1,--- , 1)
as an item index nested within k (denoted by k[i]) for the gth person group.
Crpy) follows a MVN with a mean vector 0 for g = 1,---,G, that is, yp;) =

[Crpirs > Chpigs > Chije) ~ MVN(0,2¢).

Insert Figure 1 about here

The MIRP model, taking the person group and item type fixed effects, and
their interactions into account, is specified as Equation (1):

logit [Prg[p]k[i] (y;m' = 1)] = U+ o+ Vg + )\kg + ag[p]k + Ck[i]gv (1)

where Prgp . (ypi = 1) is the probability of having y,; = 1 for a person p
nested within a person group g and an item ¢ nested within an item type k, u
is an overall mean, oy, is an item type effect, v, is a person group effect, and
Akg is an interaction effect between the item type and the person group. As
model identification constraints, the following is imposed on parameters: (1)
S ok =0, (2) 17 = 0, (3) Xty Mg = ghy Akg = 0, and (4) means
of random effects are 0.



1.2 Some Possible Applications

Applications of the MIRP model include the following:

Explanation. It can be of great help for the understanding of test data when
an explanatory model is set up to explain the item difficulties (De Boeck &
Wilson, 2004). This can be realized through the inclusion of item covariates
(ags in Equation (1)). The fixed effects of these covariates (the «y in Equation
(1)), almost never provide a perfect explanation. It is therefore useful to have
a residual random term (x4 in Equation (1)) to reflect the unexplained part.
This term makes the explanatory model formally equivalent with a random
item model. Because the explanatory effect may differ depending on the person
group, it helps to have a separate random item variable per person group. The
covariance structure of the random terms () is a helpful way to check whether
there are shared item covariates with explanatory power which are not included
in the model. Covariates are also meaningful in an experimental context, for
example, to investigate the effect of word characteristics such as familiarity, in a
psycholinguistic experiment, and also in such a context a random residual term
may be needed.

Qualitative differences. The MIRP model is an interesting way to capture
qualitative differences between groups, either natural groups or differentially
treated groups, and also between levels of a within-person factor, such as pre-
test and post-test. The model nicely separates quantitative effects as reflected
in the fixed effects (o, 74, and Ay in Equation (1)) from qualitative effects
as reflected in the imperfect correlations between the random effects (04,
and ([ in Equation (1)). In terms of ANOVA for repeated measures, the
compound symmetry assumptions are relaxed.

Measurement Invariance. The variance and covariance matrix, ¥, allows for
lack of measurement invariance. Measurement invariance would mean that one
random item profile suffices for all person groups. Therefore, the MIRP model
can be used to test measurement invariance and to deal with lack of it. Given
that the items belong to one test, the MIRP model is a well-suited approach to
differential test function. It is a covariance alternative to the variance approach
for differential test function (Camilli & Penfield, 1997; Longford et al., 1993;
Penfield & Algina, 2006).

Even though the use of crossed random effect models is increasing, there
is lack of research on the estimation methods. The purpose of this paper is
to investigate three distinct estimation methods for the MIRP version of the
crossed random effect model: (1) the Laplace approximation to the integrand,
(2) hierarchical Bayesian analysis, and (3) an alternating imputation posterior
(AIP) with adaptive quadrature as the approximation to the integral.

In Section 2, results from the three algorithms are compared for a real data
example. The different estimation methods are further described and compared
in Section 3. In Section 4, a simulation study is presented to examine their
performance. We end with a summary of results and discussion in Section 5.



2 Empirical Example: Verbal Aggression Data

In this section, an empirical example is given to illustrate how the MIRP model
can be used for explanation, qualitative differences, and measurement invari-
ance, and to illustrate the three different estimation methods.

2.1 Data Description and Model

The empirical data set is from Smits, De Boeck, and Vansteelandt (2004). The
participants were 316 first-year psychology students from a university in the
Dutch speaking part of Belgium. Participation in the study was a partial ful-
fillment of the requirement to participate in research. The sample consists of
73 males and 243 females. The average age was 18.4 (standard deviation= 1.2).
There are 90 items with 3 within-persons factors in the design: 15 (situations)
x 3 (reactions) x 2 (modes). All items are based on a frustrating situation, for
example, “A bus fails to stop for me”, and a reaction. There are three kinds
of reactions (cursing, scolding, shouting), and two modes of reacting (wanting,
doing). For example, the wanting mode for cursing sounds as follows for the
example situation: “A bus fails to stop for me. I would want to curse”, while
the doing mode is formulated as “A bus fails to stop for me. I would curse.”
The two formulations are used in order to study verbal aggression and its in-
hibition, the discrepancy between wanting and doing. Two behavior reaction
item covariates are created, “blaming” (cursing and scolding) and “expressing”
(cursing and shouting).
The following model will be estimated:

logit [Prgppirgi) (Ypi = 1)] = p+ i + 75 + Akg + 81+ B2 + Ogpik + Chpifgs (2)

where Prgp, (i) (¥p: = 1) is a probability of having y,; = 1 for a person p nested
within a person group g (¢ = 1 and g = 2) and an item ¢ nested within an
item type k (k =1 and k = 2), p is an overall mean, ay is an item type effect
(“want” item group and “do” item group), vy, is a person group effect (“female”
person group and “male” person group), Agg is an interaction effect between
the item type and the person group, (5; is a fixed item effect for “blaming”,
B2 is a fixed item effect for “expressing”, €y, is a random person effect, and
Ck[i)g 18 a Tandom item effect. The fixed effects express how much more or how
much less verbally aggressive the respondents report to be as a function of the
item covariates and their gender. The person random effects take the individual
differences within gender groups into account and the random item effects do
the same for item differences within item types. The covariance structure of the
person random effects inform us about the qualitative difference between want-
ing and doing, and the item random effects (item profiles) inform us about the
qualitative differences between men and women with respect to verbal agression.

The covariates for parameters are coded as follows: (1) an item type coded
as “want”=-1 and “do”=1 for ay, (2) a person group effect coded as “female” =-
1 and “male”=1 for 4, (3) “blaming” coded as cursing and scolding = 1/2 and



shouting = —1 for 81, and (4) “expressing” coded as cursing and shouting = 1/2
and scolding = —1 for .

The following research questions are of interest for the verbal aggression
data set using the MIRP model: (1) In there any interaction between “want”
vs. “do” items and “female” vs. “male”? (Is Agq significant?), (2) Is there any
quantitative difference between “want” and “do” items? (Is «y significant?),
(3) Is there any quantitative difference between “female” and “male”? (Is 7,
significant?), (4) Do “blaming” and “expressing” as features of a verbally ag-
gressive reaction (cursing, scoling, shouting) make a quantitative difference?
(Are 5y and B9 significant?), (5) Is there any qualitative difference between
the persons’ “want” mode and “do” mode? (Is the correlation between 6,1
and 04,2 high?), and (6) Is there any qualitative difference in item difficulty
profiles between “female” and “male”? (Is the correlation between (j;;; and
Crpij2 high?) The effects of “want” and “do” (question 2) and of “blaming” and
“expressing” (question 4) illustrate the explanatory value of the model. The
correlations between “want” and “do” (question 5) and between “female” and
“male” (question 6) illustrate how qualitative differences can be investigated.
Finally, question 6 is also relevant for the issue of measurement invariance.

2.2 Analyses

The R Imer function (Bates & Maechler, 2009) code for the Laplace estimation of
the model is shown in Appendix A and the WinBUGS (Spiegelhalter, Thomas,
& Best, 2003) code for MCMC is presented in Appendix B. The Stata do file for
ATP with adaptive quadrature is available from the first author upon request.
Four chains were implemented with 10,000 iterations in the MCMC analysis
(with a burn-in of 4.000). Convergence checking was performed in WinBUGS
using the Gelman and Rubin statistic (Gelman & Rubin, 1992) along with the

condition that \/E is less than 1.001. In AIP with adaptive quadrature analysis,
10 quadrature points were used for the estimation. 5 was set as burn-in, and 15
was used to calculate the posterior moments for AIP with adaptive quadrature.

2.3 Results

Results from the three methods are reported in Table 1. Unlike the Laplace
approximation and AIP, MCMC provides a sample of the entire posterior dis-
tribution of all model parameters. Posterior mean, median, standard deviation
(SD), and 95% credibility interval are shown in Table 1. Estimates of the fixed
effects are similar across the three estimation methods. All fixed effects are sta-
tistically significant except the gender group effect, v,, based on z-test and 95%
interval testing for Laplace and AIP and credibility interval testing for MCMC.
The estimates of the variances of the random effects and their standard errors
are similar for MCMC and AIP with adaptive quadrature. The Laplace ap-
proximation variance estimates are slightly smaller. Since standard errors for
the estimates of variance components are not provided in the Imer function for
the Laplace approximation, it is hard to tell how reliable the difference between



the methods is. To test the significance of the distribution parameters, one can
rely on the 95 % credibility interval based on the posterior as derived from the
iterations when using MCMC. AIP does provide standard errors for the dis-
tribution parameters of the random effects unlike the Laplace approximation
using the Imer function. However, it is not recommended to create a t-statistic
or z-statistic to test the significance of variance estimates since the distribution
of variance estimates of random effects is not symmetric.

From the estimated fixed effects, it can be inferred that the effect of gender is
not statistically significant (v estimate), that people say they do less than they
want with respect to verbal aggression (« estimate), and that this is especially
true for women (A estimate). Furthermore, the blaming and the expressive
nature of the responses both have a positive effect on the probability of the
corresponding behaviors (8; and [z estimates, respectively), but, blaming is
more popular than expressing as a reaction to frustrating situations. The fixed
effects express a quantitative difference in the tendency to react in a certain
way, and they correspondingly also provide an explanation of the tendency to
react with verbal aggression.

The correlations of the random item effects, on the other hand, indicate
qualitative differences. It can be concluded from the correlation of .745 (Laplace
estimate for example) between the random person effects for wanting and do-
ing, that the difference between the two is not just quantitative (fixed effect
Laplace estimate of -0.296 for example). Although the correlation between the
random item profiles of men and women are highly correlated (0.935 based on
the Laplace estimation), the Akaike’s information criterion (AIC, Akaike, 1974)
and Schwarz’s Bayesian information criterion (BIC, Schwarz, 1978) values for
the Laplace estimation with only one random item profile are higher than for
the Laplace estimation with two random item profiles. It implies that there is a
lack of measurement invariance and a qualitative difference in verbal aggression
between men and women as shown in Figure 2 for the maximum a posteriori
estimates of the item random effects. Not all estimates are on the straight
line, indicating some lack of invariance, and therefore some small qualitative
differences.

Insert Table 1 and Figure 2 about here

3 Estimation Methods

In this section, the different estimation methods for the MIRP model are re-
viewed and compared in general. Subsequently, three estimation methods, (1)
Laplace approximation, (2) hierarchical Bayesian analysis, and (3) AIP with
adaptive quadrature, are described in detail.



3.1 Different Estimation Methods

Two random effects (i.e., Oy,x and (ipjg) in Equation (1) are crossed, not
nested. Maximum likelihood estimation (MLE) of models for categorical data
with crossed random effects is challenging. This is because the marginal like-
lihood does not have a closed form so that MLE requires numerical or Monte
Carlo integration. If the random effects are nested, the integrals are also nested
(e.g., Rebe-Hesketh, Skrondal, & Pickles, 2005), keeping the computational
burden low. Models with crossed random effects can be reformulated as models
with nested random effects (Goldstein, 1987; Rasbash & Goldstein, 1994), but
this approach requires evaluation of high-dimensional integrals and is therefore
computationally demanding.

Approximations to MLE have been proposed to avoid high-dimensional nu-
merical integration in generalized linear mixed models, including marginal quasi-
likelihood (MQL, Goldstein, 1991), penalized quasi-likelihood (PQL, Breslow &
Clayton, 1993) and its second-order improvement (PQL-2, Goldstein & Ras-
bash, 1996), bias-corrected PQL (Breslow & Lin, 1995; Lin & Breslow, 1996),
Laplace approximations (Tierny & Kadane, 1986; Pinheiro & Bates, 1995; Rau-
denbush, Yang, & Yosef, 2000), and the hierarchical-likelihood method (Lee
& Nelder, 1996, 2006). However, both MQL and PQL perform poorly for bi-
nary responses with small cluster sizes, with a downward bias in the estimated
variance components (Goldstein & Rasbash, 1996; Raudenbush, et al., 2000;
Rodriguez & Goldman, 1995). Although PQL-2 performs considerably better
than PQL, this downward bias often remains a problem (Breslow, 2004; Browne
& Draper, 2006; Rodriguez & Goldman, 2001). Joe (2008) found similar results
for the Laplace approximation for binary responses with small cluster sizes.
Diaz (2007) found that the higher-order Laplace approximation proposed by
Raudenbush et al. (2000) reduces the bias of PQL but increases the mean
squared error.

It is easy to incorporate crossed random effects by imposing hyper-priors on
variances of parameters in hierarchical Bayesian analysis using MCMC (Karim
& Zeger, 1992; Rasbash & Browne, 2007). However, MCMC is computationally
expensive, and it may be difficult to specify vague hyperpriors for the variance
parameters in hierarchical models that result in a posterior mean (or mode)
close to the MLE (Browne & Draper, 2006; Natarajan & Kass, 2000). When
the number of higher-level units is small, choice of prior distribution becomes
more important (Lambert, 2006).

Similar to MCMC, the alternating imputation-posterior algorithm (AIP,
Clayton & Rasbash, 1999) makes use of data augmentation. The aim is to
obtain approzximate MLEs. The algorithm alternates between an item wing in
which item difficulties are sampled for given person abilities and a person wing in
which person abilities are sampled for given item difficulties, by sampling from
the respective conditional posterior distributions. However, instead of drawing
individual model parameters from their posterior distributions as in MCMC,
parameters are estimated by maximum likelihood in the person wing (for given
item parameters), and then sampled from their estimated sampling distribution.



Similarly, parameters are estimated by maximum likelihood in the item wing
(for given person parameters). Each MLE involves only one random effect and
can therefore be accomplished relatively easily.

Unlike MCMC, the AIP algorithm does not require specification of prior
distributions for the model parameters. Furthermore, the algorithm typically
converges much more rapidly because several model parameters are updated
simultaneously. Clayton and Rasbash (1999) used MQL and PQL within the
ATP algorithm, as implemented in MLwiN (Goldstein, Rasbash, Plewis, Draper,
Browne, Yang, Woodhouse, & Healy, 1998). As discussed above, MQL and
PQL sometimes underestimate the variance components. Clayton and Rasbash
(1999) found that this problem can also occur when MQL and PQL are used
within their AIP algorithm. For a simulated dataset, AIP with PQL-2 produced
a variance estimate that was just over half the true value of the MCMC estimate.
Cho and Rabe-Hesketh (2011) therefore developed an AIP algorithm that uses
MLE with adaptive quadrature (Bock & Schilling, 1997; Pinheiro & Bates, 1995;
Rabe-Hesketh, et al., 2005). Adaptive quadrature is an improvement of Gauss-
Hermite quadrature (Bock & Liberman, 1970; Butler & Moffitt, 1982; Hedeker
& Gibbons, 1994) that performs well in a wide range of situations (Rabe-Hesketh
et al., 2005).

The purpose of the Laplace approximation and AIP with adaptive quadra-
ture estimation methods is to obtain the approrimate MLE. However, the ap-
prozimate MLE is from the approximation to the integrand with Laplace ap-
proximation while it is from the approximation to the integral with AIP with
adaptive quadrature. Thus, the approrimate MLE from AIP with adaptive
quadrature is likely to produce more precise estimates unless the higher-order
approximation is used in Laplace approximation. The main goal of Bayesian in-
ference is to obtain the posterior moments by sampling parameters from the pos-
terior distribution based on both the prior distributions of parameters and the
likelihood. The MLE approaches are based on asymptotic (large-sample) theory
while sampling-based Bayesian approaches are not based on asymptotic theory.
Unlike the Laplace approximation, AIP with adaptive quadrature shares the fea-
ture of the Bayesian inference that parameters are sampled using MLEs based
on the likelihood. An important difference between the hierarchical Bayesian
analysis and the AIP algorithm with adaptive quadrature is that the former
makes use of a prior for sampling parameters, while the latter does not.

The comparison of the three methods can be summarized as follows: (1)
The Laplace approximation is an approximation to MLE. (2) The hierarchical
Bayesian analysis is based on a sampling. (3) The AIP method is based on sam-
pling and MLE with adaptive quadrature. These main differences lead to further
differences regarding: (1) memory problems due to high-multidimensionality, (2)
computational efficiency, (3) standard error calculation and significance testing,
(4) the estimates of random effects, (5) “uncertainty” indications of the param-
eters, and (6) model comparison. These six differences are described below.

(1). Since the MIRP model involves high-dimensional integration, memory
usage can be greatly increased. The Laplace approximation avoids integration
by approximating the integrand. In hierarchial Bayesian analysis, it is possible
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to sample complex and high-dimensional posterior densities by MCMC methods
such as Gibbs sampler (Geman & Geman, 1984) through sampling from the
conditional distributions of parameters, so that memory usage is rather modest.
In the AIP with adaptive quadrature, the MIRP model is divided into sub-
models depending on the kind of random effect. Since each sub-model has only
one kind of random effect (persons or items), memory problems can be avoided.

(2). The Laplace approximation was computationally very efficient since
numerical integration is avoided. However, both the MCMC and AIP with
adaptive quadrature may have computational inefficiency since the MCMC and
the part of AIP with adaptive quadrature are sampling based methods. AIP
with adaptive quadrature typically converges much more rapidly compared with
MCMC since several model parameters are updated simultaneously. However,
ATP with adaptive quadrature may suffer from computational inefficiency since
adaptive multidimensional quadrature points are evaluated.

(3). Since the the distribution of the MLE estimate is normal based on
asymptotic theory, the standard error and confidence interval of the MLE es-
timate can be constructed based on the symmetric distribution. However,
Bayesian approaches provide the whole posterior distribution of a parameter,
which is not assumed to be a normal distribution. Standard errors come out
automatically from the MCMC simulations. Bayesian confidence intervals, cred-
ibility intervals, are based on the percentiles of the posterior, and this allows
for a strongly skewed distribution. Often the confidence interval based on MLE
and Bayesian credibility intervals have essentially the same value, but the inter-
pretational difference remains. The key point is that the Bayesian prior allows
us to make direct probability statements about a parameter, while under clas-
sical statistics we can only make statements about the behavior of the statistic
if we repeat an experiment a large number of times. Laplace approximation
implemented in the R Imer function, a widely used software package, standard
errors of variance components are not provided. In AIP, both within variance
(squared standard errors of estimates) and between variance (variance across
iterations after burn-in) are available to calculate the standard errors, also for
the estimates of variances.

(4). Technically speaking, “estimates” of the random effects are not provided
because they are not parameters in the Laplace approximation and the AIP with
adaptive quadrature. Point estimates of random effects are obtained for both
these methods via empirical Bayes prediction after estimates of the fixed effects
and population parameter estimates of the random effects are obtained. In
contrast, a sample of the entire posterior distribution of all model parameters
can be obtained in one stage in MCMC.

(5). The Laplace approximation does not provide the user with inferen-
tial “uncertainty” indications on the variance estimates for the distribution of
the random effects. MCMC and AIP with adaptive quadrature yield simu-
lations (i.e., different estimates over iterations) representing inferential uncer-
tainty about all parameters in the model.

(6). When a maximum likelihood estimation is used, the likelihood ratio
test (LRT) or information-based statistics such as AIC and BIC, are appro-
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priate ways to compare models. Comparisons of models estimated via quasi-
log-likelihood, such as the Laplace approximation, can be problematic, since
quasi-likelihood is an approximation to the integrand. The problem is likely to
become less of an issue as the employed approximations becomes better. For
a (hierarchical) Bayesian analysis uniquely developed methods are available.
They include the pseudo-Bayes factor (Geisser & Eddy, 1979; Gelfand & Dey,
1994), the deviance information criterion (Spiegelhalter, Best, & Carlin, 1998),
and posterior predictive model checks (Gelman, Carlin, Stern, & Rubin, 2004).
Even though the AIC and BIC are appropriate when maximum likelihood esti-
mates of model parameters are obtained, they are also used in Bayesian analysis;
see Congdon (2003) for examples of using AIC and BIC in Bayesian analysis. In
ATP with adaptive quadrature, the marginalized log-likelihood can be obtained
by a combination of adaptive quadrature integration with Monte Carlo integra-
tion. Thus, the marginalized log-likelihood in AIP with adaptive quadrature is a
more ‘exact’ log-likelihood than the quasi-likelihood in Laplace approximation.
The “asymptotic” reference distribution of a x? does not apply for the variance
parameters being tested against null because 0 variance is the boundary of the
parameter space. The mixture x? distribution can be used in this case (Stram
& Lee, 1994, 1995).

3.2 Parameter Estimation of MIRP model

In the following three subsections, three different estimation methods are de-
scribed to estimate the MIRP model parameters: (1) Laplace approximation,
(2) hierarchical Bayesian analysis, and (3) AIP with adaptive quadrature.

3.2.1 Laplace Approximation

The Imer function was used for the Laplace approximation of integrand. It is
known that approximate routines of the Imer function tend to work well when
the sample size and number of groups in multilevel modeling is moderate to
large (Gelman & Hill, 2007).

In this section, the implementation of the Imer function is described for the
MIRP model. The likelihood can be expressed as follows:

L(Y|p, 0,7y, X, B9, E¢) =

11 H /w» /w F(0)F(C) - Proppjri (ypi = 1)

(1 = Pryppuy (ypi = 1)) 7¥71d¢d0.  (3)

Unfortunately the integral in Equation (3) does not have a closed-form so-
lution with the logit link. The Imer function uses the second order Taylor
series approximation to the log of the integrand at the conditional modes of the
random effects from penalized iteratively reweighted least squares algorithm
(PIRLS).
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The PIRLS algorithm The PIRLS algorithm combines the characteristic of
the iteratively reweighted least squares (IRLS) algorithm for generalized linear
models (McCullagh & Nelder, 1989) and the penalized least squares represen-
tation of a linear mixed model (Bates & DebRoy, 2004).

If the data is sorted by item responses within persons, this allows us to split
the covariance matrix of item responses into two components: a component for
persons and a component for items. The crossed random effects are constructed
in a (P+41)x (P+I) matrix as follows: b(py1)x(p+1) = diag([@pxp rx;]"). The
variance-covariance matrix, X, is a block diagonal in two blocks, ¥y and 3¢
such that ¥, (0) = diag([¥g X¢]’). As an example, the block diagonal structure
of the variance-covariance matrix for 400-person and 80-item is shown in Figure
3.

Insert Figure 3 about here

The likelihood is rewritten as follows with crossed random effects imple-
mented in the Imer function:

L(Y|p, 0,7, X,0) =

HHAe F(0) - Propiug(ypi = 1) (1 = Prypgiy (ypi = 1)) "¥"db. (4)
P i

P41

In the PIRLS algorithm, the contribution of the fixed effects parameters,
1, a7y, and A, is incorporated as an offset, and the contribution of the variance
components, ¥g and X¢, is incorporated as a penalty term in the weighted least
squares fit. The approximate inference from the PIRLS algorithm does not fully
account for “uncertainty” in the estimated variance parameters and is therefore
not so reliable.

The Laplace approximation The Laplace approximation to the likelihood
is obtained by replacing the logarithm of the integrand in Equation (4) by
its second-order Taylor series at the conditional modes of the random effects,
b(u, o, 7, A, ©). The approximation is

—2l(p, 0,7y, A, B|Y) =
—2log{HH/
p i %

1 ~ ~T _ ~
leog{HH/%w exp{—i[d(p,,a,'y,)\,b,Y)+b Sp,b+
p i

P+1I

F(B) - Prypnr (pi = 1) (1 = Pryppiap (Ypi = 1))1_ymdb}

log [Sp,| + b D~'b]}db}
~ ~T ~
=d(u, 0,7, A,b,Y) +b Xyb+log|Xy| +log|D| (5)
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where d(u,a,'y,)\7B7Y) is the function for the deviance from the linear pre-
dictor only and D is the approximation to the variance-covariance matrix of b
conditional on u, a, 7y, A and ©.

The “estimates” of the random effects are not model parameters. The con-
ditional modes of the random effects can be extracted using the R extractor
function ranef () function. The Ime4 R package also has a function called mem-
csamp to evaluate samples from a fitted model using the MCMC.

There are no standard errors for the estimates of variance components (e.g.,
Yy and X¢) from the Imer function. Since the distributions of estimators of vari-
ances are not symmetric, the regular standard errors do not apply. One solution
is to obtain quantities for the variance estimates using mcsamp function from
the arm library in R (the wrapper for the memesamp function that goes with
the Imer function.). This function generates a sample from the posterior distri-
bution of the parameters of a fitted model using MCMC methods. The mcsamp
function automatically simulates multiple sequences and allows convergence to
be monitored. The function relies on memesamp in the Imes package. The sim-
ulations with the mcsamp function summarize uncertainty about coefficients,
predictions, and other quantities of interest.

3.2.2 Hierarchical Bayesian Analysis

The MCMC estimation algorithm with a Gibbs sampler can be used to estimate
the model parameters. This algorithm was implemented in the WinBUGS soft-
ware and used to simulate a Markov chain in which values representing param-
eters of the model are repeatedly sampled from their full conditional posterior
distributions over a large number of iterations.

Prior distributions and posterior distribution The following priors were
used to estimate the parameters of the MIRP model in this study. Since u, oy,
g, and A4 are fixed effects, hyper-priors are not imposed.
@~ Normal(0,10)
aglk =1 ~ Normal(0,10)
Yglg =1 ~ Normal(0,10)
Aiglk=1,9=1 ~ Normal(0,10)
6 ~ MNormal(0,Xp)
¢ ~ MNormal(0,%)
Different kinds of hyper-priors for multivariate normal distributions have
been used (Gelman & Hill, 2007): (1) inverse-Wishart i (where K is the number
of variances as the degrees of freedom), (2) inverse-Wishart , ,» (where K is

the number of correlation coefficients), and (3) scaled inverse-Wishart. In this
study, inverse-Wishartx for X and X is investigated as widely used prior:

Yo ~ Inverse-Wishartg (Rg, K)Ro = Ixx i
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and
Y: ~ Inverse-Wishartq(R¢, G), Re = Igxas

where [ indicates an identity matrix.

These priors result in posterior distributions for each of the parameters that
are sampled. The joint posterior distribution of S = {u, o, v, A, Xy, X} can be
written as

Pr(Sly) x
L(S) - Pr(p)Pr(ar)Pr(vg)Pr(Aeg)Pr(0]0, Xg)Pr(Xe)Pr(¢|0, ¢)Pr(Ee).  (6)

Sampling in WinBUGS WinBUGS provides the DoodleBUGS graphical
package used here to describe how the sampling proceeds. Figure 4 presents the
graphical model for the MIRP model obtained from DoodleBUGS. The priors
are represented as oval nodes with either solid arrows leading to another node
or with hollow arrows leading to Pr[p,i].

Insert Figure 4 About Here

The processing in WinBUGS proceeds by sampling all nodes starting at the
outer edge of the diagram and working inwards in the diagram to the Pr[p,i].
As an example, mu is the variable name used in the program code for pu, al-
phak[i]] for ay, gammalg[p]] for 74, lambda[k[i],g[p]] for Agg, theta[pk[i]] for
Ogip)is zetali,g[p]] for Cupipg, sigma.th for ¥y, and sigma.ze for ..

A solid arrow indicates a stochastic dependence and a hollow arrow indicates
a logical function. From the diagram, it can be seen that theta[p,g[i]] depends
on sigma.th and zeta[i,k[p]]depends on sigma.ze. p[p,i] (which is the program
code for “logit [Prypup (ypi = 1)] = 4+ ok + Y9 + Mg + gk + Crpigg”) is a
logical function of mu, alphalk[i]], gammalg[p]], lambda[k[i],g[p]], theta[p,k[i]],
and zetali,g[p]]. WinBUGS also can develop code to estimate the model given
the specification of a DoodleBUGS diagram. The diagram in Figure 4, for
example, would lead to the same solution as the code used in this study. (The
variable names in the diagram have no meaning other than that they were used
for programming purposes.)

Once the model is fully specified using the distributions given above, Win-
BUGS then determines the necessary sampling methods directly from the struc-
ture in the diagram. The form of the full conditional distribution of i, ax, 74, Akg, 0, ¢, X0,
and X is a conjugate distribution of the parameters (i.e., normal, and inverse-
Wishart distributions), so that in this study, direct sampling was conducted
using standard algorithms in WinBUGS.

Starting values are needed for each parameter being sampled in order to
define the first state of the Markov chain. The starting values for the remaining
model parameters were randomly generated in the WinBUGS software.

15



Convergence Checking Some information from the initial iterations is dis-
carded because initial sampled values tend to be dependent on the starting
values. These are called burn-in iterations. The remaining iterations are based
on a chain that is assumed to have converged to its stationary distribution.
Estimates of sampled parameters are then calculated from these post-burn-in
iterations. The Gelman and Rubin (1992) method is used for checking conver-
gence of the MCMC algorithm.

3.2.3 AIP with Adaptive Quadrature

ATP algorithm Clayton and Rasbash (1999) suggested a special kind of
Markov chain Monte Carlo (MCMC) algorithm for generalized linear mixed
models with crossed random-effects based on the imputation posterior (IP) al-
gorithm of Tanner and Wong (1987, p.90-92) which can be outlined as follows
(Tanner, 1996):

I-step (data augmentation): Impute missing data (random effects) by sam-
pling from the distribution of the missing data conditional on the observed
data. This requires that first sampling the parameters are sampled from
the current approximation of their posterior distribution.

P-step: Update the approximation of the posterior distribution.

For the MIRP model, the algorithm consists of two wings: a person wing
and an item wing. In the person wing, the item effects are treated as known
and in the item wing, the person effects are treated as known. In the person
wing, the parameters p, o, Vg, Ay and logEy are estimated (P-step) and the
0pg are sampled (I-step) after first sampling parameters from their approximate
posterior distribution (treating the item effects as known). In the item wing,
the parameters p, ag, vg, Akg, and log¥e are estimated (P-step) and the ¢ are
sampled (I-step), after first sampling the parameters from their approximate
posterior distribution (treating the person abilities as known).

Specifically, after setting initial values ¢° for the item effects, the person wing
and item wing outlined below are alternated until convergence. In iteration n:

n—1 — ( n—1 -1

HTTEERREE ?((I)G)’ from the

Person wing Treat the item effects ¢
previous iteration as known:

logit [Prg[p]k[i] (ypi = 1\Gg[p]k, Cg[l_];) =p+ ok + % + Akg + Ogpppp + C;L[l_]; (7)
Let the parameters be denoted 91 = {u, c, Vg, Akg, 10gX0}.

1. Obtain maximum likelihood estimates 1A9711 with the estimated covariance
~n
matrix g,

2. Sample parameters 97 from their approximate sampling distribution

OT|¢" T ~ N (9, By, (8)
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3. Sample 8" from its estimated posterior distribution with parameters 97.

Item wing Treat the person abilities 8" = ( Ty GE(P)K)’ from the
person wing as known:

10git | Py (Ups = 1051510 Cititg) | = 1+ b + % + Arg + O + Cagig- (9)
Let the parameters be denoted 92 = {u, g, Vg, Akg,108E¢ }.

1. Obtain maximum likelihood estimates 1A9; with the estimated covariance
matrix 27;92

2. Sample parameters 95 from their approximate sampling distribution

~Nn =~n

9510" ~ N(9,,39,) (10)
3. Sample ¢" from its estimated posterior distribution with parameters 1915 .

After convergence is achieved, the algorithm is continued for a fixed num-
ber of iterations and the parameter estimates are obtained by averaging the
estimates obtained after burn-in.

In the following three sections, we discuss the implementation of steps 1 to

Step 1: Maximum likelihood estimation using adaptive quadrature.

In the AIP algorithm, the parameters are estimated using Stata’s gllamm com-
mand (Rabe-Hesketh, Strondal, & Pickles, 2004) which employs a Newton-
Raphson algorithm with analytical first and second derivatives to maximize the
likelihood. The number of quadrature points required is determined by fitting
the person-wing model with item effects set to 0 and the item-wing model with
person effects set to 0. The number of quadrature points is increased from 5 in
5 point increments. If the change in maximized log-likelihood associated with
an increment is less than 1 x 10719, the smaller number of adaptive quadrature
points is used.

Step 2: Sampling the model parameters

In Step 2, the parameters are sampled from a multivariate normal distribution
with mean given by MLEs 9 and covariance matrix d by the inverse of the es-
timated information matrix obtained in Step 1. This distribution approximates
the hierarchical Bayesian posterior if uniform priors are specified for all param-
eters. In this case, the posterior distribution is just the normalized likelihood
which is approximated by a multivariate normal distribution. A log transforma-
tion of the variance parameters is used to improve the normal approximation.
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In step 2, we can see clear differences between AIP and Gibbs sampling. First,
AIP does not need a specification of the prior distributions. Second, a whole
vector of nodes is sampled in AIP while a scalar is sampled in Gibbs sampling.

Step 3: Sampling the random effects from their posterior distribution

In the imputation step, the person effects and item effects are sampled from
their respective conditional posterior distributions. According to the Bayesian
central limit theorem, posterior distributions approach normality as the sample
size (here the number of items or number of persons) tends to infinity as noted
by Chang and Stout (1993) for binary data. We therefore approximate the
posterior by a normal density with person-specific posterior means, u; and
posterior variance-covariance, 37 for parameters 97,

Pr(8,1,) Yy ¢ ot A AT ~ g(0; Fyipls Zglp))- (11)

We compute the posterior mean and variance-covariance using the program
gllamm and the corresponding prediction command (Rabe-Hesketh & Skron-
dal, 2008). This normal approximation ignores any skewness for clusters with
large or small cluster totals (Thomas & Gan, 1997). A discrete approximation
is available in ATP with adaptive quadrature (Cho & Rabe-Hesketh, 2011), but
only a normal approximation was implemented for the MIRP model.

The correlated random effects, @4, = [01p)1, -, Ogpltr - - ,Gg(p)K]/, are
represented by a linear combination of independent standard normal random
effects z using the Cholesky decomposition of the covariance matrix @ with
QQ' = Xy, so that @ = Qz. Refer to Cho and Rabe-Hesketh (2011) for the
detail of convergence checking and posterior moment calculation in ATP with
adaptive quadrature.

4 Simulation Study

In this section, a simulation study is presented to assess the performance of
three algorithms for the MIRP model.

4.1 Simulation Conditions

Two item types and two person groups (K = 2 and G = 2) are generated.
The following 4 factors are considered to investigate the recovery of the model
parameters in various conditions: (1) 2 different numbers of items (20-item and
50-item for each type), (2) 2 different numbers of persons (100-person and 250-
person for each group), (3) 2 different correlation coefficients of person random
effects (p(P) =0 and p(P) = 0.5), and (4) 2 different correlation coefficients of
item random effects (p(I) = 0 and p(I) = 0.5) with the fixed conditions for the
following: variances of person and item random effects = 1, u = 0, a; = —0.5,
v = —0.5, and A;; = 0.5. The number of conditions are 2 x 2 x 2 x 2 = 16.
Random effects were generated following a bivariate normal distribution given
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the variance and covariance described above. Each condition was replicated 10
times and is fit with three different estimation algorithms using the same data
sets. It will be shown that this rather low number does not invalidate the study.

4.2 Simulation Analyses

Convergence checking was performed in WinBUGS using similar graphical checks

as described in convergence checking along with the condition that \/E is less
than 1.001. In addition, autocorrelation plots from WinBUGS were examined.
A conservative burn-in of 1800 — 3600 iterations was used in this study followed
by 4800 — 6000 post-burn-in iterations depending on conditions. Thinning was
set at 3, meaning that 1600 — 2000 iterations were used to obtain a posterior
mean and median across conditions. In AIP with adaptive quadrature, 5 to 15
quadrature points were used. One simulated data set for each condition was
used for convergence checking and the same burn-in was set across replications.
An additional 10 iterations were obtained to estimate the posterior moments
with the small sample size correction.

4.3 Simulation Results

Tables 2 to 4 show the average values for the root mean square error (RMSE,

given by \/Ziil(ﬂr — p)?/10, where r indicates a replication for p as an exam-

ple), the average bias across replications (Bias, given by Ziozl ii/10 — u where
r indicates a replication for u as an example), the standard deviation of the
estimates across replications (SD), the mean of the standard errors of estimates
across replications (M(SE)), and parameter coverage in percentage (C(%)), all
of these for each of the two levels of each of the four factors of the simulation
design. As reviewed in the Estimation Methods, it is known that the approxima-
tion methods such as the Laplace approximation have the problem of downward
bias in the variance estimation. Therefore, bias is a special point of interest.

For the fixed effects, parameter coverage is calculated as the percentage of
simulation runs for which the 95 % confidence intervals for Laplace and AIP and
credibility intervals for MCMC contain the corresponding true value. For vari-
ance estimates of the random item and person effects, , the parameter coverage
was not reported for Laplace and AIP since the distribution of the estimator of
the variance of random effect is not symmetric. However, MCMC provides the
whole posterior distribution of the parameters, so that an appropriate credibil-
ity interval can be determined. The posterior median was used to calculate the
RMSE, Bias, and coverage for MCMC since some posterior distributions are
not symmetric. For the purpose of comparing the three estimation methods,
the proportion of times that the true value has a cumulative proportion smaller
than or equal to .10 or larger than or equal to .90 (from the 10 replication in
each cell) is calculated for the variance estimates of the random effects. This
means that the true value is within the range of the 10 replications.
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An important finding is that in general the uncertainty of the sampling error
(the SD of estimates across replications) is close to or smaller than the uncer-
tainty of the estimates (the SE of estimates across replications) for all param-
eters. The absolute difference between two uncertainty quantities is less than
0.3 for all parameters from the three methods (except population parameters
of random effects in Laplace where M(SE) was not obtained). The implication
is that the 10 replications per cell give a realistic idea of parameter estimation.
The largest discrepancies and rather irregular patterns can be found for the item
random effects when MCMC is used. Much smaller but systematic differences
are found for the correlation between random item effects and for the fixed effect
« when AIP is used. Since standard errors of variances were not calculated in
the Imer function, M(SE)s were not reported for variance and correlation for
Laplace and were not compared to the standard deviation of estimates across
replications.

Figure 5 shows the box plot with the median, the two quartiles, the range,
and the outliers for the fixed effect estimates (4 latent correlation conditions x
10 replications for all fixed effects). It is evident that the medians are close to
the true parameters ( “mu” for p = 0, “gamma” for v; = —0.5, “alpha” for
a1 = —0.5, and “lambda” for A;; = 0.5). They are similar across the three
methods, and there are only a few outliers.

Table 2 reports results for all fixed effects. The following trends are apparent:
(1) The RMSEs decrease with increasing number of items and number of persons
for all three estimation methods. (2) The RMSEs of 1 decrease with decreasing
correlations between random effects. For the other fixed effects, the patterns
of the effects are less clear or the differences are only very small. (3) The bias
is relatively small and does not show systematic patterns. (4) The M(SE) is
similar for the three methods and decreases with the number of persons and
items in all three methods. The SDs for « and ) are slightly larger when AIP is
used. (5) The parameter coverage is adequate: between 91.1 % and 97.5 % for
Laplace and MCMC. The coverage for o and A\ are somewhat smaller for AIP
compared to in other two methods. It may be from the fact that variability
in estimates across replications (represented by RMSE and SD) is somewhat
higher in AIP than for other two methods.

Insert Figure 5 and Table 2 About Here

Table 3 presents results for the population parameters of the random item
effects, agl, agz, and p(I). The following trends appear: (1) The RMSEs of all
three parameters decrease with increasing number of items and persons for all
three estimation methods except for p(I) and the number of persons in AIP;
(2) The RMSEs of all three parameters decrease with increasing correlation
between the random effects, but less clear for AIP; (3) As expected a negative
bias of the 0?1 and ng estimates is found with the Laplace estimation. For
ATP the bias is rather positive instead. The bias of the correlation estimates is
negligible. (4) SD is similar for the three methods and improves with the number
of persons and items except two cases in AIP. M(SE) for variances is smaller
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in AIP than in MCMC. (5) MCMC yields an accurate coverage of the variance
parameters, ranging from 92.5 % to 97.5 %. For Laplace and AIP, we have not
derived credibility intervals given that normality of the estimation error cannot
be assumed for the variance (AIP) and that even no SEs for the variance are
available (Laplace). However, for neither of both estimation methods, we have
found cells where the true value is not within the range of the 10 estimates. For
the correlation estimates, the coverage is even better, ranging from 96.2 % to
100 %, and also for the correlation the true value is always within the range of
the 10 estimates per cell.

Insert Table 3 About Here

Table 4 presents results for the population parameters of the random person
effects, o , o7 , and p(P). The following trends are found: (1) The RMSEs of
all three parameters decrease with increasing number of items and persons for
all estimation methods. (2) The RMSEs of all three parameters decrease in most
cases with increasing correlation between random effects. There are exceptions,
but pattern is not clear, except that they never appear for p(P). (3) As expected,
a negative bias of the 031 and 032 estimates is found with the Laplace estimation.
The bias is again slightly positive when AIP is used. The bias of the p(P) is
negligible. (4) SD is similar for the three methods and improves with the number
of persons and items. M(SE) for variances and a correlation is smaller in MCMC
than in AIP. (5) The credibility intervals constructed for MCMC coverage of
the variance parameters shows that the coverage is satisfying, ranging from 92.4
% to 97.2 %. For the other two methods, the true value is within the range of
the 10 estimates per cell, except for two cases. The MCMC coverage of p(P) is
as high as for the variances. The true value of p(P) is always within the range
of the 10 estimates per cell.

Insert Table 4 About Here

5 Discussion

The MIRP instantiation of a crossed random effects model for binary data is
a member of the broader category of generalized linear mixed models. It is an
instantiation with a large potential of applications within psychology, in test
psychology as well as in experimental psychology, as shown in the introduction.
In this paper, we compare three different estimation methods to overcome the
computational challenges. The model is illustrated with a real data example.
The comparisons is made in a theoretical way and through a simulation study.
The simulation results are of course limited to the included simulation condi-
tions, but also the real data example shows that the three methods give similar
results. Only 10 replications have been implemented per simulation condition
due the computational burden of MCMC and AIP with adaptive quadrature,
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and consequently the time it takes to run these algorithms. However, the uncer-
tainty of the sampling error (the standard deviation of estimates across repli-
cations) is close to the uncertainty of the estimates (the means of the standard
errors of estimates across replications) in most cases for all conditions. This is
an indication that even with 10 replications we have a rather good basis.

When practitioners choose an estimation method for the MIRP model, the
two important criteria would be computational efficiency (computational time)
and estimate precision. We can suggest the following in terms of these two
criteria, based on our theoretical analysis and the simulation results. Laplace
approximation is the most efficient in estimating the MIRP model parameters
while AIP is computationally very expensive. For example, in the empirical
study, there was no a memory problem due to high dimensionality of the model
on a computer equipped with a 1.20 GHz processor with 2.93 GBytes of RAM.
The Laplace approximation with the imer function required 5 minutes, MCMC
with WinBUGS required 913 minutes with four chains of 10,000 iterations in-
cluding 5,000 burn-in for each chain, and AIP with adaptive quadrature required
2250 minutes for 40 iterations, including 10 iterations as burn-in on a computer
equipped with a 1.20 GHz processor with 2.93 GBytes of RAM.

The precision of all fized effect estimates was very similar with respect to bias
and M(SE) for the three methods when the SD of the estimates is considered
and the precision increases with the number of persons and items. Coverage
with the ATP method is less accurate than with Laplace and with MCMC for
two fixed effects (o and X), because of the larger variability in estimates across
replications in AIP than in other two methods. The conclusions for the precision
of the population parameter estimates of the random effect distributions are that
the performance is similar between MCMC and AIP based on RMSE. However,
when the sample size is small (in our case, the number of items), the item
variance estimates have larger bias and smaller mean SE in AIP while they have
smaller bias and larger mean SE in MCMC. AIP with adaptive quadrature does
not require specification of prior distributions for model parameters. This may
be an advantage since the choice of hyperprior for the variance components can
affect the parameter estimates, especially in small sample sizes. For MCMC
only one prior on the variance was considered in this study. Further study
is required to establish the sensitivity of the estimates to the kind of prior.
The most important finding regarding Laplace approximation is that downward
bias of the Laplace approximation was found. Such bias has previously been
found for Laplace (Joe, 2008) and related methods (MQL and PQL) (Browne
& Draper, 2006) for binary response with small cluster sizes and high intraclass
correlations.

Model selection with respect to the number of random effects to be included,
is of interest for the MRIP approach. The AIC and BIC can be used to select
the number of random effects, but further study of this issue is important, for
example to evaluate the mixture x2-test used in the application.
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Appendix A: R code for Verbal Aggression data

library(Matrix)

library(lattice)

library (lme4)

library(arm)

VA < — read.table(” C:/VA.txt” header=T)

GENDERI1 < — factor(VA$gender)

WANTDO1 < — factor(VA$wantdo)

fml < — lmer(y ~ 1 + gender + wantdo + gender*wantdo + expressing +
blaming + (WANTDO1-1|person) + (GENDERI-1|item), VA, binomial)

ranef(fm1)

se.ranef(fm1)
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Appendix B: WinBUGS code for Verbal Aggression data

# p: Person index

# 1: Item index

# g: Person group

# k: Item type

# alpha: Fixed item type effect

# gamma: Fixed person group effect

# lambda: Fixed interaction effect

# theta: Random person effect

# zeta: Random item effect

# betal: The effect of blamin

# beta2: The effect of expressing

# Pr: Probability

# Part I: Model Specificaiton

model {

for (p in 1:P) { for (iin 1:I) {

logit(Pr[p,i]) < — mu + alphalk[i]] + gammal[g[p]] + betal*blaming[i] +
beta2*expressing[i] + lambda[k[i],g[p]] + theta[p,k[i]] + zetali,g[p]]

resp[p,i] ~ dbern(Pr[p,i])

F}

# Priors for fixed effects

mu ~ dnorm(0, 0.1)

alpha[l] ~ dnorm(0, 0.1)

alpha[2] < — - alpha[l]

gamma(l] ~ dnorm(0, 0.1) gamma|2] < — -gammal][l]

# Interaction structure

lambdall,1] ~ dnorm(0, 0.1)

lambda[2,2] < — lambda[l,1]

lambda[2,1] < — lambdall,2]

lambdal[l,2] < — -lambda[l,1]

betal ~ dnorm(0,0.1)

beta2 ~ dnorm(0,0.1)

# Bivariate normal for persons

for (p in 1:P) {

theta[p,1:2] ~ dmnorm(mu.th[1:2],R.th[1:2,1:2])

}

mu.th[l] < — 0; mu.th[2] < — 0

R.th[1:2,1:2] ~ dwish(Omega.th[1:2,1:2], 2)

IR.th[1:2,1:2] < — inverse(R.th[1:2,1:2])

de.th < — sqrt(IR.th[1,1])*sqrt(IR.th[2,2])

corr.th < — IR.th[1,2]/de.th

# Bivariate normal for items

for (iin 1:1) {

zeta[i,1:2] ~ dmnorm(mu.it[1:2],R.it[1:2,1:2])

}

mu.it[l] < — 0; mu.it[2] < — 0
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R.it[1:2,1:2] ~ dwish(Omega.it[1:2,1:2], 2)
IR.it[1:2,1:2] < — inverse(R.it[1:2,1:2])
de.it < — sqrt(TR.it[1,1])*sqrt (TR.it[2,2])
corr.it < — IR.it[1,2]/de.it

# Part II: Set initial values

list(R.it=structure(.Data=c(0.1,0,0,0.1), .Dim=c(2,2)), R.th=structure(.Data=c(0.1,0,0,0.1),
.Dim=c(2,2)))

list( R.it=structure(.Data=c(0.25,0,0,0.25), .Dim=c(2,2)), R.th=structure(.Data=c(0.25,0,0,0.25),
.Dim=c(2,2)))

list(R.it=structure(.Data=c(1,0,0,1), .Dim=c(2,2)), R.th=structure(.Data=c(1,0,0,1),
.Dim=c(2,2)))

list(R.it=structure(.Data=c(0.16,0,0,0.16), .Dim=c(2,2)), R.th=structure(.Data=c(0.16,0,0,0.16),
.Dim=c(2,2)))

# Part III: Load data

# g(gender): 1-women, 2-men

# k: l-want, 2-do

list(P=316, I=90,

Omega.th=structure(.Data=c(1,0,0,1), .Dim=c(2,2)),

Omega.it=structure(.Data=c(1,0,0,1), .Dim=c(2,2)),

blaming=c( 0.5,0.5,-1,0.5,0.5,-1,0.5,0.5,-1,0.5,0.5, -1,0.5,0.5,-1,0.5,0.5,-1,0.5,0.5,-
1,0.5, ... <1,0.5,0.5,-1,0.5,0.5,-1,0.5,0.5-1,0.5, 0.5,-1,0.5,0.5,-1,0.5,0.5-1,0.5,0.5,-
),

expressing=c( 0.5,-1,0.5,0.5,-1,0.5,0.5,-1,0.5,0.5,-1, 0.5,0.5,-1,0.5,0.5,-1,0.5,0.5-
1,0.5,0.5, -..... 0.5,0.5-1,0.5,0.5-1,0.5,0.5,-1,0.5,0.5, -1,0.5,0.5,-1,0.5,0.5,-1,0.5,0.5 -

1,0.5),
k=c(1,1,1,1,1,1,1,1,1,1,1, 1,1,1,1,1,1,1,1,1,1,1, ...... 2,2,222222222 22222222222),
g=c(2,2,1,1,1,1,1,1,1,1,1,1,2,2.1,1,1,1,1,1,1,1, ...... 1,1,1,2,1,1,1,1,2,2.1,2,1,1,1,1,2,2,1,1,1,1),

resp=structure(.Data =c( 0,0,0,0,0,0,0,0,0,1,0,0, 0,0,0,0,0,0,0,0,0,0,0,0, ......
1,1,1,0,0,1,1,0,1,1,0,0, 1,0,1,1,1,1,0,0,0,1,0,1) .Dim= ¢(316,90)))
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Figure 1: MIRP Model Configuration
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Figure 2: Measurement Invariance across Gender
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Figure 3: Block Diagonal Structure of the Variance-Covariance Matrix for
Crossed Random Effects in Imer.
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Figure 4: Graphical Representation of MIRP Model with Priors.

39



Estimates

MCMC

Laplace

AIP

MCMC

Laplace

AIP

MCMC

Laplace

AP

1

-1.0
1

-05 0.0 0.5

-1.0

1

-05 0.0 0.5

1 1 1
500 persons, 100 items

1 1 1
500 persons, 100 items

1 1 1 1
500 persons, 100 items

1 1 1
500 persons, 100 items

mu

gamma

alpha

lambda

oiff:
i

i
osffeo

o

200 persons, 100 items

200 persons, 100 items

200 persons, 100 items

gamma

alpha

lambda

B
@
-

o

R

500 persons, 40 items

500 persons, 40 items

500 persons, 40 items

gamma

alpha

lambda

(o}

et

oo

200 persons, 40 items

200 persons, 40 items

gamma

alpha

lambda

MCMC

Laplace

AP

s {ie

@ 1«E]»—1o
' '
T T

-1.0

T

-05 0.0 0.5

Figure 5: Box Plots for Fixed Effect Estimates
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